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Preface

This volume in the Springer Lecture Notes in Computer Science (LNCS) series
contains 103 papers presented at S+SSPR 2006, which was the fifth time that
the SPR and SSPR workshops organized by Technical Committees TC1 and
TC2 of the International Association for Pattern Recognition (IAPR) were held
together as joint workshops. It was also the first time that the joint workshops
were held in the Far East, at the beautiful campus of the Hong Kong University
of Science and Technology (HKUST), on August 17-19, 2006, right before the
18th International Conference on Pattern Recognition (ICPR 2006), also held in
Hong Kong.

SPR 2006 and SSPR. 2006 together received 217 paper submissions from 33
countries. This volume contains 99 accepted papers, with 38 for oral presenta-
tion and 61 for poster presentation. In addition to parallel oral sessions for SPR
and SSPR, there were also some joint oral sessions with papers of interest to
both the SPR and SSPR communities. A recent trend that has emerged in the
pattern recognition and machine learning research communities is the study of
graph-based methods that integrate statistical and structural approaches. For
this reason, a special joint session on graph-based methods was co-organized by
Technical Committee TC15 to explore new research issues in this topic. More-
over, invited talks were presented by four prominent speakers: Robert P.W. Duin
from Delft University of Technology, The Netherlands, winner of the 2006 Pierre
Devijver Award; Tin Kam Ho from Bell Laboratories of Lucent Technologies,
USA; Thorsten Joachims from Cornell University, USA; and B. John Oommen
from Carleton University, Canada.

We would like to take this opportunity to thank all members of the SPR
and SSPR Program Committees and the additional reviewers for their profes-
sional support in reviewing the submitted papers. We thank all the Advisory
Committee members, Shun-ichi Amari, Terry Caelli, Robert P.W. Duin, Anil K.
Jain, Erkki Oja, Harry Shum, and Tieniu Tan, for their invaluable advice on
organizing this event. We also thank all the authors, the invited speakers, the
Organizing Committee members, the sponsors, and the editorial staff of Springer
for helping to make this event a success and helping to produce this high-quality
publication in the LNCS series.

August 2006 Dit-Yan Yeung
James T. Kwok

Ana Fred

Fabio Roli

Dick de Ridder
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Structured Output Prediction with Support
Vector Machines

Thorsten Joachims

Cornell University, Ithaca, NY, USA
tjOcs.cornell.edu
http://www.joachims.org

Abstract. This abstract accompanying a presentation at S+SSPR 2006
explores the use of Support Vector Machines (SVMs) for predicting struc-
tured objects like trees, equivalence relations, or alignments. It is shown
that SVMs can be extended to these problems in a well-founded way,
still leading to a convex quadratic training problem and maintaining the
ability to use kernels. While the training problem has exponential size,
there is a simple algorithm that allows training in polynomial time. The
algorithm is implemented in the SVM-Struct software, and it is discussed
how the approach can be applied to problems ranging from natural lan-
guage parsing to supervised clustering.

1 Introduction

Over the last decade, much of the research on discriminative learning has focused
on problems like classification and regression, where the prediction is a single
univariate variable. But what if we need to predict complex objects like trees,
orderings, or alignments? Such problems arise, for example, when a natural lan-
guage parser needs to predict the correct parse tree for a given sentence, when
one needs to optimize a multivariate performance measure like the F1-score, or
when predicting the alignment between two proteins.

This abstract accompanies the presentation at S+SSPR 2006, discussing a
support vector approach and algorithm for predicting such complex objects. It
summarizes our recent work [TO202TITTIT2I9] on generalizing conventional clas-
sification SVMs to a large range of structured outputs and multivariate loss
functions, and connects these results to related work [ABBITIT6ETITII23]. While
the generalized SVM training problems have exponential size, we show that there
is a simple algorithm that allows training in polynomial time. The algorithm is
implemented in the SVM-Struct Softwareﬁ, and it is discussed how the approach
can be applied to problems ranging from natural language parsing to supervised
clustering.

2 Problems That Require Structured Outputs

While many prediction problems can easily be broken into multiple binary clas-
sification problems, other problems require an inherently structured prediction.

1 Available at svmlight.joachims.org

D.-Y. Yeung et al. (Eds.): SSPR&SPR 2006, LNCS 4109, pp. 1-{7} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Fig. 1. Illustration of the NLP parsing problem

Consider, for example, the problem of natural language parsing. For a given sen-
tence x, the goal is to predict the correct parse tree y that reflects the phrase
structure of the sentence. This is illustrated on the left-hand side of Figure [l
Training data of sentences that are labeled with the correct tree is available
(e.g. from the Penn Tree Bank), making this prediction problem accessible for
supervised learning.

Compared to binary classification, the problem of predicting complex and
structured outputs differs mainly by the choice of the outputs y. What are
common structures that we might want to predict?

Trees: We have already discussed the problem of natural language parsing (see
e.g. [14]), where a prediction y € ) is a tree.

Sequences: A problem related to parsing is that of part-of-speech tagging (see
e.g. [14]). Given a sentence x represented as a sequence of words, the task is to
predict the correct part-of-speech tag (e.g. “noun” or “determiner”) for each
word. While this problem could be phrased as a multi-class classification
task, it is widely acknowledged that predicting the sequence of tags as a
whole allows exploiting dependencies between tags (e.g. it is unlikely to see
a verb after a determiner). Similar arguments also apply to tagging protein
or gene sequences.

Alignments: For comparative protein structure modelling, it is necessary to
predict how the sequence of a new protein with unknown structure aligns
against another sequence with know structure (see e.g. [§]). Given the cor-
rect alignment, it is possible to predict the structure of the new protein.
Therefore, one would like to predict the sequence alignment operations that
“best” aligns two sequences according to some cost model.

Equivalence Relation: Noun-phrase co-reference resolution (see e.g. [15]) is
the problem of clustering the noun phrases in one documents by whether
they refer to the same entity. This can be thought of as predicting an equiv-
alence relation, where training examples are the correct partitionings for
some documents. More generally, this problem can be thought of as super-
vised clustering [9] — training a clustering algorithm to produce the desired
kinds of clusters.



Structured Output Prediction with Support Vector Machines 3

While these application problems appear quite different, we will show that they
all can be approached in a similar way. In particular, the SVM algorithm we
describe in the following is able to address each of these problems.

3 An SVM Algorithm for Structured Outputs

Formally, we consider the problem of learning a function
h: X —Y

where X is the space of inputs, and ) is the space of (multivariate and structured)
outputs. In the parsing examples, X is the space of sentences, and Y is the space
of trees over a given set of non-terminal grammar symbols. To learn h, we assume
that a training sample of input-output pairs

S = ((X1,y1),---,(XmYn)) € (X X y)”

is available and drawn i.i.d. from a distribution P(X,Y"). The goal is to find a
function h from some hypothesis space H that has low prediction error, or, more
generally, low risk

Rp(h)= | Aly,h(x)dP(x.y).
X XY

A(y,y) is a loss function that quantifies the loss associated with predicting y
when y is the correct output value. Furthermore, we assume that A(y,y) =
0 and A(y,y’) > 0 for y # y’. We follow the Empirical Risk Minimization
Principle [22] to infer a function h from the training sample S. The learner
evaluates the quality of a function h € H using the empirical risk R?(h) on the
training sample S.

RE(h) = %Zmyi,h(xm

Support Vector Machines select an h € H that minimizes a regularized Empirical
Risk on S. For conventional binary classification where Y = {—1,4+1}, SVM
training is typically formulated as the following convex quadratic optimization
problem [6122].

OP 1 (CLASSIFICATION SVM (PRIMAL))

1 C &
. T
min —W W — ;
w,b,E;>0 2 + n ;5’

st. Vie{l,..,n}: yi(wlx; +b)>1-¢
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To generalize SVM training to structured outputs, we formulate an optimiza-
tion problem that is similar to multi-class SVMs [7] and generalizes the Per-
ceptron approach described in [4]. The idea is to learn a discriminant function
f:+ X x Y — R over input/output pairs from which we can derive a prediction
by maximizing f over all y € ) for a specific given input x.

hw(x) = argmax f,(x,y)
yey

We assume that fi (x,y) takes the form of a linear function

fu(xy) = w'¥(x,y)

where w € R% is a parameter vector and ¥(x,y) is a feature fector describing
the match between input x and output y. Intuitively, one can think of f,(x,y)
as a compatibility function that measures how well the output y matches the
given input x.

The specific form of ¥ depends on the nature of the problem and special cases
will be discussed subsequently. Using natural language parsing as an illustrative
example, f,, can be chosen to be isomorphic to a Probabilistic Context Free
Grammar (PCFG) (see e.g. [14]). Each node in a parse tree y for a sentence x
corresponds to grammar rule g;, which in turn has a score w;. All valid parse
trees y (i.e. trees with a designated start symbol S as the root and the words
in the sentence x as the leaves) for a sentence x are scored by the sum of the
w; of their nodes. This score can thus be written in the form of Eq. 1, where
¥ (x,y) denotes the histogram vector of how often each grammar rule g; occurs
in the tree y. This is illustrated on the right-hand side of Figure [l h (x) can
be efficiently computed by finding the structure y € ) that maximizes fw(X,y)
via the CKY algorithm (see e.g. [14]).

For training the weights w of the linear discriminant function, we general-
ize the standard SVM optimization problem as follows [IJI0/20021]. A similar
formulation was independently proposed in [16].

OP 2 (STRUCTURAL SVM (PRIMAL))
' 1 r C n
wip gwiw 2 &

st Vy €V :wl (U(xi,y:) ¥ (x:,y)) > Alyi,y)—&

The objective is the conventional regularized risk used in SVMs. The con-
straints state that for each training example (x;,y;) the score w' ¥(x;,y;) of
the correct y; must be greater than the score w” ¥(x;,y) of all incorrect y by a
difference of A(y;,y). A is an application dependent loss function that measures
how different the two structures y; and y are. Intuitively, the larger the loss,
the further should the score be away from that of the correct training label y;.
&; is a slack variable shared among constraints from the same example, since in
general the problem is often not separable. Note that Y ¢; is an upper bound
on the training loss R?(h).
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Input: S = ((x1,y1
K=0w=0,¢=
repeat
— Korg =K
— for i from 1 ton
e y=argmax,.y [A(yi,y)—f—wTW(xi, y)] # find most violated constraint
o if WI(W(xi,y:) —W(xi,y)) < Ayi, y)—& —e # violated more than €?
* K=K U{w" (Wi, y)—Wxi,y)) > Nyiy)—&—e}
* (W, &) = argminw,géwTw + % >, & subject to K.
until (K = Korg)
Output: w

)yeevs (Xny¥n)), C >0,€e>0.
0

Fig. 2. Cutting plane algorithm for training Structural SVMs

While the training problem is obviously still convex and quadratic, it typically
has exponentially many constraints. For most choices of ) (e.g. sequences and
trees), the cardinality of ) is exponential in the maximum size of x — and so is
the number of constraints in OPEl This makes solving OPZ intractable using off-
the-shelf techniques. However, it has been shown that the cutting plane algorithm
in Figure [2 can be used to efficiently approximate the optimal solution of this
type of optimization problem [2TJI2]. The algorithm starts with an empty set
of constraints, adds the most violated constraint among the exponentially many
during each iteration, and repeats until the desired precision € > 0 is reached. It
can be proved that only a polynomial number of constraints will be added before
convergence [2IIT2]. One crucial aspect of the algorithm, however, is the use of
an oracle that can find the most violated constraint among the exponentially
many possible constraints in polynomial time. That is, we need to compute

argmax[A(yi,y) + W' ¥(x;,y)]. (1)
yeY
For many ), feature mappings ¥, and the loss functions A, this problem can be
solved via dynamic programming. For trees, for example, the argmax in Eq. ()
can be computed using the CKY algorithm, if ¥ follows from a context-free
grammar and A is any loss function that can be computed from the contingency
table [21]. The running time of the overall learning algorithm is then polynomial
in the number of training examples, the length of the sequences, and e [21J12].
An alternative to the cutting plane algorithm is the algorithm proposed in
[19]. Tt applies when the loss function A decomposes linearly and the argmax in
Eq. (@) can be computed using a linear program that is guaranteed to have an
integer solution.

4 Application Examples and Related Work

It has been shown for a range of application problems and structures ) that
SVM training is feasible and benficial. The work in [20/21] shows how struc-
tural SVMs can be applied to natural language parsing, sequence alignment,
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taxonomic classification, and named-entity recognition. More work on highly ex-
pressive models for parsing is given in [I7], and the use of structural SVMs for
protein threading is described in [I0J12]. An alternative approach to alignment is
[18]. Work on sequence tagging for natural language problems and OCR is given
in [I6/1]. Image segmentation is addressed in [2]. While traditional generative
training can and has been used for many structural prediction problems in the
past, the studies mentioned above have repeatedly shown that discriminative
training gives superior prediction performance.

Conditional Random Fields (CRFs) [I3] are the most popular alternative
discriminative training methods for structured prediction problems. Like large-
margin approaches, they also have shown excellent performance on a variety of
problems. Instead of optimizing a regularized empirical risk for a user-defined
loss function like in the SVM approach, CRF's optimize a regularized conditional
likelihood. While they can be applied to many of the problems mentioned above,
there is little direct comparison between SVM and CRF training yet.

Other training approaches for structured models include the perceptron algo-
rithm and reranking approaches [4[3/5]. The structural SVM approach extends
these. A very different approach to structured prediction is proposed in [23], im-
plementing the structured prediction as a multivariate regression problem after
mapping the structures into Euclidian space.

5 Summary

This paper provides a short summary of methods for Support Vector Machine
training with structured outputs. In particular, it shows how a cutting-plane
method can be used to solve the training problem efficiently despite an expo-
nential number of constraints. Pointers towards applications and further reading
provide a starting point for further exploration of this area of research.
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Abstract. We re-visit the age-old problem of estimating the parameters
of a distribution from its observations. Traditionally, scientists and sta-
tisticians have attempted to obtain strong estimates by “extracting” the
information contained in the observations taken as a set. However, gen-
erally speaking, the information contained in the sequence in which the
observations have appeared, has been ignored - i.e., except to consider
dependence information as in the case of Markov models and n-gram
statistics. In this paper, we present results which, to the best of our
knowledge, are the first reported results, which consider how estimation
can be enhanced by utilizing both the information in the observations and
in their sequence of appearance. The strategy, known as Sequence Based
Estimation (SBE) works as follows. We first quickly allude to the results
pertaining to computing the Maximum Likelihood Estimates (MLE) of
the data when the samples are taken individually. We then derive the cor-
responding MLE results when the samples are taken two-at-a-time, and
then extend these for the cases when they are processed three-at-a-time,
four-at-a-time etc. In each case, we also experimentally demonstrate the
convergence of the corresponding estimates. We then suggest various av-
enues for future research, including those by which these estimates can
be fused to yield a superior overall cumulative estimate of the parameter
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of the distribution. We believe that our new estimates have great poten-
tial for practitioners, especially when the cardinality of the observation
set is small.

1 Introduction

Estimation is a fundamental issue that concerns every statistical problem. Typi-
cally, the practitioner is given a set of observations involving the random variable,
and his task is to estimate the parameters which govern the generation of these
observations. Since, by definition, the problem involves random variables, deci-
sions or predictions related to the problem are in some way dependent on the
practitioner obtaining reliable estimates on the parameters that characterize the
underlying random variable. Thus, if a problem can be modelled using a random
variable which is binomially (or multinomially) distributed, the underlying sta-
tistical problem involves estimating the binomial (or multinomial) parameter(s)
of the underlying distribution.

The theory of estimation has been studied for hundreds of years [TI3]. Tt
is also easy to see that the learning (training) phase of a statistical pattern
recognition system is, indeed, based on estimation theory [4J7/Ig]. Estimation
methods generally fall into various categories, including the Maximum Likelihood
Estimates (MLE) and the Bayesian family of estimates [IJ3l4] which are well-
known for having good computational and statistical properties.

To explain the contribution of this paper, we consider the strategy used for
developing the MLE of the parameter of a distribution, fx (), whose parameter
to be estimated is #. The input to the estimation process is the set of points X =
{x1,x2,...,2N}, which are assumed to be generated independently and identi-
cally as per the distribution, fx (). The process involves deriving the likelihood
function, i.e., the likelihood of the distribution, fx(6), generating the sample
points X’ given 6, which is then maximized (by traditional optimization or cal-
culus methods) to yield the estimate, §. The general characteristic sought for is
that the estimate §M LE converges to the true (unknown) 6 with probability one,
or in a mean square sense. Bayesian and MLE estimates generally possess this
desirable phenomenon.

Suppose now that the user received X as a sequence of data points as in
a typical real-life (or real-time) application such as those obtained in a data-
mining application involving sequences, or in data involving radio or television
news items]. The question which we have asked ourselves is the following: “Is
there any information in the fact that in &X', z; specifically precedes x;41 7”.
Or in a more general case, “Is there any information in the fact that in X', the
sequence TiTit1 - ..Titj OCCUTS My iy1,..i+; times?”. Our position is that even
though X is generated by an i.i.d. process, there is information in these pieces
of sequential information, and we propose here a method by which these pieces

1 We are currently investigating how we can utilize SBEs to yield a superior classifi-
cation scheme for a real-life problem involving news files from the CBC.
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of information can be “maximally” utilized. The estimates that we propose are
referred to as the Sequence Based Estimators (SBE).

As far as we know, there are no available results which utilize sequential infor-
mation in obtaining such estimatedd. Indeed, even the results we have here are
only for the case when the distribution is Binomial. Although some preliminary
results for the multinomial case are available, these are merely alluded to. The
paper also leads to a host of open problems.

Once we have obtained the SBE estimates based on the occurrence and se-
quential information, the next question is that of combining all these estimates
together to yield a single meaningful estimate. We propose to achieve this by
using techniques from the theory of fusion - excellent studies of which are found
in [9] and [I0]. The paper also includes some specific applications of SBEs.

The paper is organized as follows. Section [ lists the SBE estimation results
obtained when sequential information is used to estimate the parameter of the
Binomial distribution, and the sequences are processed two-at-a-time. This is
followed in Section [ by cases when the data is analyzed in sequences three-at-
a-time, four-at-a-time respectively. Section [ discusses the open problems that
are currently unsolved, namely those involving the fusing of the individual SBEs
and those which we have encountered in classifying artificial and real-life data.
Section [B] concludes the paper.

Contributions of the Paper: The contributions of this paper are:

1. This paper lists the first reported results for obtaining the maximum likeli-
hood estimates (called the Sequence Based Estimates (SBEs)) of the para-
meter of a binomial distribution when the data is processed both as a set of
observations and as a sequence by which the samples occur in the set.

2. The paper contains the formal resultdd and verification for the cases when
the sequence is processed in pairs, and in subsequences of length 3 and 4.

3. The paper lists a few potential strategies by which SBE estimators can be
fused to yield a superior estimate utilizing the MLE and the SBEs.

4. The paper lists a few potential schemes by which the MLE and SBE estima-
tors can be used in pattern classification and other applications.

To the best of our knowledge, all of these are novel to the field of estimation,
learning and classification.

Throughout this paper we assume that we are estimating the parameters of
a binomial distribution. The binomial distribution is characterized by two para-
meters, namely, the number of Bernoulli trials, and the parameter characterizing

2 The question of utilizing and estimating sequential information is not entirely new. It
has long been used in syntactic pattern recognition, in estimating the bigram and n-
gram probabilities of streams of data and grammatical inference, and in the learning
problem associated with modelling channels using Hidden Markov Models [24]. But
all of these methods further emphasize the dependence between the occurrences. We
show that such information can be gleaned even if the occurrences are independent.

3 The paper lists at least 17 results. But as the proofs of many of the theorems are
quite similar, the details of the proofs are merely alluded to in the interest of brevity.
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each Bernoulli trial. In this regard, we assume that the number of observations
is the number of trials. Thus, all we have to do is to estimate the Bernoulli
parameter for each trial. Thus, in terms of notation, if X is a binomially distrib-
uted random variable, which takes on the value of either ‘1’ or ‘2@, we assume
that X obeys the distribution S, where S = [s1, s2]7, where, s; + 52 = 1, and

X = ‘1" with probability s;

= ‘2’ with probability ss,
Then, the following elementary result about the MLE of S is given below.

Result 1. Let X be a binomially distributed random variable, obeying the

distribution S, where S = [s1,s2]T. If X = {x1,22,...,2n} is a realization of a
sequence of occurrences of X, where each x; is either ‘1’ or ‘2’, the MLE of s; is
5 = "W, where n; is the number of occurrences of ‘i’ in X. O

Notation 1: To be consistent, we introduce the following notation.

— X is a binomially distributed random variable, obeying the distribution S.

— X = {x1,22,...,zN} is a realization of a sequence of occurrences of X,
where each x; is either ‘1’ or ‘2’.

— Let (j1j2. .., k) be the sequence examined in the set X', where each j,,, (1 <
m < k), is either a ‘1’ or ‘2’. Then, the SBE for s; obtained by examining
the sequence (jij2 ..., jk) will be given by 5 |<j,js....jr> - O

Example of Notation 1: The SBE of s; obtained by examining all occur-
rences of the sequence ‘(121)’ will be be given by $1 |<121> , and the SBE of s9
obtained by examining all occurrences of the sequence ‘(2122)’ will be be given
by $2 |<2122> . Observe, trivially, that

52 [<jigacie> =1 =51 [ <jigoerin> -

We shall now derive the explicit form of 5 |<j,j,....j,> for various instantia-
tions of sequences (j1jz2...,jk). It is well known that the MLE converges with
probability 1 and in the mean square sense to the true underlying parameter.
Thus, all the estimates given in the following Sections/subsections converge (w.
p. 1, and in the mean square sense) to the true underlying value of the parameter
as the number of samples increases.

2 SBEs Using Pair-Wise Sequential Information

In this Section, we consider (analytically and experimentally) the estimation
of the binomial parameter when we analyze the sequence of information by
processing it in pairs. All the proofs of the results in this paper are either merely
sketched or omitted in the interest of brevity, but can be found in [I1].

Theorem 1. Using Notation 1, 51 |<11> , the SBE of s1 obtained by examining
the occurrences of “(11) is:

* We depart from the traditional notation of the random variable taking values of ‘0’
and ‘1’, so that the notation is consistent when we deal with vectors.
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ni11
N -1

(1)

51 |<11> =
where niy is the number of occurrences of ‘< 11 >’ in X.

Proof. The number of sequences of length twdl in X is N — 1. Of these, we
observe ni; which have the value ‘(11)’. Consider now a random variable &1
which yields the outcome of either obtaining two consecutive 1’s or not. £11 is a
Bernoulli random variable whose distribution is :
&1 = ‘11’ with probability s?
# ‘11’ with probability 1 — s2.

The MLE of the Bernoulli parameter of {11 is {5, and thus,

~

2 _ nii
1= N1
whence 51 |<11> = /5 and the result follows. O

Theorem 2. Using Notation 1, 51 |<22> , the SBE of s1 obtained by examining
the occurrences of “(22) is:

~ n22
81|<22> =1- N —1 (2)

where nag is the number of occurrences of ‘< 22 >’ in X.

Proof. The proof is similar to the proof of Theorem [Il except that we first solve
for 83 |<22> and then obtain §1 |<22s . The details are omitted. m]

Theorem 3. Using Notation 1, §1|<12> and 81 |<21> , the SBEs of s1 obtained
by examining the occurrences of {12)” and “(21)’, respectively, can be obtained
if and only if the roots of the quadratic equation given below are :

1. 81 |<12> is the real oot of \2 — X\ + 4 = 0 whose value is closest to 57.
2. 81 |<21> is the real Toot of A2 — \ + 25 = 0 whose value is closest to 1.
Proof. The proof of the result is found in [IT]. o

A simple study of the patternsﬁ that can occur will demonstrate that no; differs
from mi2 by at most unity. Thus, the corresponding estimates 31 |<21> and
$1 |<12> are almost the same. The ensemble estimates are, however, different.

Example: Let us suppose that X’ is the set
{1,2,1,2,1,1,1,2,2,1, 1} where the elements occur in the specified order.
Then : n; = 7,n11 = 3,n12 = 3,191 = 3, and ngy = 1. Thus, the SBEs are:
g] |<1> = % = 06364

® The number of distinct sequences of length two is % But since the elements of X
are drawn independently and identically, there are N — 1 consecutive pairs (“drawn
with replacement”) to be considered. More details of this are found in [IT].

5 The proverb “What goes up must come down !” is applicable here.
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S1l<11> =4/ 55 = 0.5477.

51 |<12> = Root(\? — \ + 13—0 = 0). In this case, the roots of the quadratic
are complex. Hence the quantity ni2 can provide us no information about s;.
Similarly, the quantity nis also leads to complex roots and so can provide us no
information about s;.

Finally, 55 |<22> = /15 = 0.3162, and hence, 5 |<22> = 0.6838. |

Experimental Results: We present the results of our simulationd] on synthetic
data for the case when the sequence is processed in pairs. The SBE process for
the estimation of the parameters for binomial random variables was extensively
tested for numerous distributions, but in the interest of brevity, we merely cite
one specific example. Also, to make the comparison meaningful, we have fol-
lowed the “traditional” MLE computation (i.e., the one which does not utilize
the sequential information) using the identical data stream. In each case, the
estimation algorithms were presented with random occurrences of the variables
for N = 1,953,125 (i.e, 57) time instances.

In the case of the SBE, the true underlying value of s; was computed using
each of the estimates, 51 |<11>, S1 |<12>, S1 |<21> and $1 |<22>, and the results
are tabulated in Table [Il This table reports the values of the estimates as time
progresses. However, to demonstrate the true convergence properties of the esti-
mates, we have also reported the values of the ensemble averages of the estimates
in Table [l taken over an ensemble of 100 experiments, which are given in the
second line of each row. The convergence of every single estimate is remarkable.

The reader should observe that the MLE and SBE taken for a single exper-
iment are much more sporadic. This can be observed from Table [Tl It is here
that we believe that the SBE will find its niche, namely to enhance the MLE
estimate using the information gleaned from the various SBEs.

3 SBEs Using Subsequences of Length Three and Four

We first consider the case when subsequences of length 3 are processed. The
following results, whose proofs are found in [11]], are true.

Theorem 4. Using Notation 1, $1 |<111> , the SBE of s1 obtained by examining
the occurrences of {(111)7 is:

~ ni11
s = 3
1]<111> N _2 (3)
where ni11 18 the number of occurrences of ‘< 111 >’ in X. O

Theorem 5. Using Notation 1, §1 |<222> , the SBE of s1 obtained by examining
the occurrences of 222)7 is:

7 In the tables, values of unity or zero represent the cases when the roots are complex
or when the number of occurrences of the event concerned are zero.
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Table 1. A table of the value of the MLE, 51, and the SBEs 51 |<11> , 81 |<22> , 51 |<12> ,
and §1 |<21> , at time ‘N’, where the latter SBEs were estimated by using the results
of Theorems [1l 2 and [3] respectively. The values of the second line of each row are
the ensemble averages of the corresponding estimates, taken over an ensemble of 100
experiments.

N | 51 [510<uns [S1]<22> [S1 [<a2s [81 [<21> |
51 (5) 0.8000| 0.8660 | 1.0000 | 1.0000 | 0.5000
0.7300| 0.6686 | 0.8539 | 0.6000 | 0.6150
52 (25) 0.8000| 0.8165 | 0.7959 | 0.8536 | 0.7887
0.7212| 0.7240 | 0.7267 | 0.6744 | 0.6816
5 (125) 0.7920] 0.8032 | 0.7800 | 0.8111 | 0.8111
0.7210| 0.7215 | 0.7213 | 0.7121 | 0.7132
5% (625) 0.7456| 0.7489 | 0.7375 | 0.7563 | 0.7532

0.7248| 0.7237 | 0.7282 | 0.7205 | 0.7206
50 (3,125)  |0.7200] 0.7226 | 0.7143 | 0.7277 | 0.7277
0.7244| 0.7240 | 0.7254 | 0.7231 | 0.7231
50 (15,625) |0.7199] 0.7210 | 0.7171 | 0.7234 | 0.7233
0.7246| 0.7245 | 0.7249 | 0.7243 | 0.7243
57 (78,125) |0.7245] 0.7244 | 0.7248 | 0.7242 | 0.7241
0.7249| 0.7248 | 0.7249 | 0.7248 | 0.7248
5% (390,625) |0.7252] 0.7253 | 0.7250 | 0.7255 | 0.7255
0.7250| 0.7250 | 0.7249 | 0.7250 | 0.7250
57 (1,953,125)]0.7244] 0.7243 | 0.7245 | 0.7242 | 0.7242
0.7250| 0.7250 | 0.7250 | 0.7250 | 0.7250

~ 5] T222
S =1- 4
1|<222> N 9 (4)
where naga is the number of occurrences of ‘< 222 >’ in X. O

Theorem 6. Using Notation 1, the SBEs of s1 obtained by examining the oc-
currences of subsequences which contain a single 2" such as (211)°, {121)’, and
{112)7, can be obtained as the real oot of the cubic equation given below :

1. 81 |<211> is the real root of A3 — \? + 5 = 0 whose value is closest to 51.

2. 81 |<121> is the real oot of N> — A% + 2L = () whose value is closest to 57 .
3. 81 |<112> is the real oot of N> — \? + 21

3=
SEN

= 0 whose value is closest to 5.
O

=z
N

Theorem 7. Using Notation 1, the SBEs of s obtained by examining the oc-
currences of subsequences which contain two ‘2’s such as (122)°, (212)°, and
221)°, can be obtained as the real root of the cubic equation given below :

1. 83 |<120> is the real root of A3 — \? + 22 = 0 whose value is closest to 53,

whence the estimate 51 |<122> can be obtained as 1 — 59 |<122> -
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2. 83 |<212> is the real oot of N> — \% + 2 = 0 whose value is closest to 53,
whence the estimate §1 |<212> can be obtained as 1 — 82 |<212> .

3. 82 |<a21> is the real Toot of N> — A% + 25 = 0 whose value is closest to 53,
whence the estimate 51 |<221> can be obtained as 1 — 59 |<221> - O

Experimental Results: We now present the results of our simulations on
synthetic data for the cases studied in the previous sub-section, namely for the
case when the sequence is processed in subsequences of length three. To make
the comparison (with the pairwise computation) meaningful, we again report
the result when the true value of s1 is 0.725.

In the case of the SBE, the true underlying value of s; was computed using
each of the estimates, SBEs 51 |<111> , 81 |<222> , 81 |<211> 5 81 |<121>, 81 |<112> 5
81 |<122> 5 81 |<212>, and 31 |<221> , and the results are tabulated in Table 2] as
a function of the number of samples processed.

Again, the reader should observe that the MLE and SBE taken for a single
experiment are not as smooth - especially when the number of samples processed
is small. This can be observed from Table [2l In practice, this is augmented by
the fact that the SBEs sometimes lead to complex solutions or to unrealistic
solutions when the number of samples processed is small. But fortunately, things
“average” out as time proceeds.

Table 2. A table of the value of the MLE, 51, and the SBEs §1|<111>, $1|<222>,
S1|<211> 5 81 |<121>, S1|<112>, 81 |<122> , S1 |<212> , and §1 |<221> , at time ‘N’, where
the latter SBEs were estimated by using the results of Theorems [ Bl Bl and [7 respec-
tively. The values of the second line on each row mean the ensemble averages of the
corresponding estimates, taken over an ensemble of 100 experiments.

[N] 51 [61l<iii> [51 <2225 [81l<211> [51 [<121> [51 [<112> [51 [<122> [31 [<212> [51 [<221> |

51]0.8000] 0.8736 1.0000 0 1.0000 1.0000 1.0000 1.0000 1.0000
0.7300| 0.5154 0.9497 0.4700 0.5300 0.4900 0.9100 0.9100 0.9500
52{0.8000[ 0.8050 1.0000 0 0.8903 0.7921 0.7610 1.0000 0.7610

0.7212| 0.7173 0.8359 0.4769 0.5724 0.4629 0.7237 0.8299 0.7189
5310.7920] 0.7958 0.7989 0.7083 0.8556 0.7083 0.7703 0.9052 0.7703
0.7210| 0.7199 0.7530 0.4534 0.4906 0.4351 0.7161 0.7305 0.7158
570.7456] 0.7521 0.7178 0.7697 0.7627 0.7697 0.7510 0.7459 0.7510
0.7248| 0.7226 0.7316 0.4653 0.4474 0.4723 0.7273 0.7253 0.7271
5°(0.7200] 0.7229 0.7102 0.7260 0.7503 0.7260 0.7173 0.7282 0.7173
0.7244| 0.7236 0.7251 0.5607 0.4780 0.5607 0.7258 0.7247 0.7258
55(0.7199| 0.7231 0.7133 0.7443 0.7318 0.7447 0.7200 0.7137 0.7200
0.7246| 0.7244 0.7247 0.7076 0.6717 0.7076 0.7251 0.7250 0.7251
5700.7245| 0.7253 0.7232 0.7341 0.7192 0.7342 0.7260 0.7199 0.7260
0.7249| 0.7248 0.7245 0.7246 0.7234 0.7246 0.7251 0.7248 0.7251
58(0.7252] 0.7256 0.7254 0.7296 0.7274 0.7296 0.7247 0.7238 0.7247
0.7250| 0.7250 0.7249 0.7251 0.7250 0.7251 0.7250 0.7249 0.7250
59(0.7244| 0.7243 0.7245 0.7239 0.7233 0.7239 0.7245 0.7243 0.7245
0.7250| 0.7250 0.7249 0.7252 0.7249 0.7252 0.7250 0.7249 0.7250

We now extend the previous cases to consider the scenario when the sequential
information is processed in subsequences of length four.
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Theorem 8. Using Notation 1, $1 |<1111> , the SBE of s1 obtained by examining

the occurrences of {1111)’
~ _ 4/ M1111 5
S1 |<1111> —N _3 ( )

where ni111 s the number of occurrences of ‘< 1111 >’ in X. O

Theorem 9. Using Notation 1, $1 |<2222> , the SBE of s1 obtained by examining
the occurrences of (2222)’

~ n
S1]<22225> =1 ¢ % (6)

where nagog s the number of occurrences of ‘< 2222 >’ in X. O

To simplify matters, we deal with the rest of the cases that involve four-at-a-
time subsequences, by sub-dividing them into the cases when the subsequences
contain one ‘2’, two ‘2’s, and three ‘2’s, respectively. In each case, we shall deal
with all the corresponding subsequence patterns in a single theorem.

Theorem 10. Using Notation 1, the SBEs of s1 obtained by eramining the
occurrences of subsequences which contain a single ‘2’, can be obtained by the
real roots (if any) of the quartic equations given below :

81 |<2111> 148 the real root of \* — X3 + 4 = () whose value is closest to 57.
81 |<1211> 148 the real root of \* — \3 + "121§ = 0 whose value is closest to 5.
51 |<1121> s the real root of A* — X3 + + & = 0 whose value is closest to 51.

IR

51 |<1112> 18 the real root of A* — \3 + + X2 = 0 whose value is closest o 51.
O

Theorem 11. Using Notation 1, the SBEs of s1 obtained by examining the
occurrences of subsequences which contain two ‘2’s, can be obtained by the real
roots (if any) of the quadratic (not quartic !!) equations given below :

1. 81 |<1122> is the real root of \> — X + 2 = 0 with value closest to 5.
81 |<1212> is the real Toot of A2 — X\ + 2 = 0 with value closest to 51.
51 |<1201> is the real Toot of A2 — X + ¥4 = 0 with value closest to 5.
81 |<2112> is the real Toot of A2 — X\ + 2 = 0 with value closest to 51.

51 |<2121> is the real Toot of A2 — X + 4 = 0 with value closest to 5.

S St o

31 |<2211> s the real Toot of A2 — A+ R = 0 with value closest to 51. O

Theorem 12. Using Notation 1, the SBEs of s1 obtained by examining the
occurrences of subsequences which contain three ‘2’s, can be obtained by de-
termining the real roots (if any) of the quartic equations given below and then
subtracting their value from unity as below:
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1. 81 |<1200> is the quantity [1 - Root(A\* — X3 + D2z — () )
2. 81 |<2122> s the quantity [1 - Root(\* — \3 + D122 — () )
3. 81 |<2212> s the quantity [1 - Root(\* — \3 + Da212 — () )
4. 81 |<2001> is the quantity [1 - Root(A\* — X3 + Dozt — () )
where each of the above estimates is the value closest to 5i. a

Experimental Results: The simulation results for the the case when the se-
quence is processed in subsequences of length four is presented below. The ex-
perimental settings are identical to the ones used in the case of processing it
in pairs and in subsequences of length three, namely, when s; is 0.725, and
N =1,953,125 (i.e, 57) time instances.

Table [3 lists the values of the SBEs, computed using each of the estimates,
G |<1111> s $1 |<2222> , 51 \<2111> , 81 |<1122> , and 51 |<1222> , and their ensemble
averages. The other cases when the subsequences with one ‘2°, two ‘2’s, and three
‘2’s (the other cases listed in Theorems [0 [[T] and [2)) are identical to the ones
reported and so omit them here for ease of readability.

Again, we observe that the convergence of every single estimate is remarkable.
For example, the traditional MLE, 51, had the ensemble average of 0.7210 when
only N = 125 symbols were processed. This value became 0.7248 when N = 625
symbols were processed, which converged to 0.7250 when N = 5°. By way of
comparison, for the same case, the SBE, 57 |<1222> , had the ensemble average of
0.7444 when only N = 125 symbols were processed. It had the value 0.7319 after
N = 625 symbols were processed, and as in the case of 51 became increasingly
closer to the true value as N increased. In this case, when N = 57, the value of
81 |<1220> , was also exactly 0.7250. This was also true for the other SBEs.

In this case, the solutions to the equations were often complex initially (i.e.,
for small values of ‘N’). But as time proceeded, the number of occurrences of the
outcomes was more reasonable, and the solution obtained converged as expected.

4 Open Issues and Potential Applications of SBEs

As mentioned earlier, we believe that there are a host of open problems which
concern the family of SBEs. We shall highlight them in the following subsections.

Higher Order SBEs: Till now, we have considered how we can obtain effective
SBEs by considering subsequences of lengths 2, 3 and 4 respectively. There is
no reason why we cannot consider subsequences of even longer length. Without
much ado, we list (without proof) the form the SBEs would take for a few simple
cases when subsequences of length 5 are analyzed. Indeed, using Notation 1, we
can state that:

1. 81 ]<11111> , the SBE of 51 obtained by examining the occurrences of ‘(11111)’

DA _ ./
is 1 51 [<11111> = §f L o
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Table 3. A table of the values of the MLE, 51, and the SBEs §1 |<1111> , 51 |<2222> ,
S1|<2111>, S1|<1122>, and S |<1222> , at time ‘N’, where the latter SBEs were esti-
mated by using the results of Theorems B [ [0} [T and respectively. The other
cases when the subsequences with one ‘2, two ‘2’s, and three ‘2’s (the other cases listed
in Theorems [0 1] and [[2]) are identical.

v [ 51 [5il<iii1> [S1 [<2222> [S1[<1222> [S1 [<1122> [S1 [<2111> |
51 (5) 0.8000| 0.8409 1.0000 1.0000 1.0000 1.0000
0.7300| 0.3645 0.9916 0.8800 0.8100 0.6600
52 (25) 0.8000| 0.7765 1.0000 1.0000 0.6918 0.6918
0.7212| 0.6867 0.9428 0.8354 0.5944 0.4880
53 (125) 0.7920| 0.7920 1.0000 0.7811 0.7625 0.7625
0.7210| 0.7178 0.8832 0.7444 0.6577 0.3152
53 (625) 0.7456| 0.7492 0.7619 0.6976 0.7402 0.7659

0.7248| 0.7223 0.7468 0.7319 0.7255 0.3755
5° (3,125) 0.7200| 0.7247 0.7412 0.6942 0.7069 0.7143
0.7244| 0.7236 0.7249 0.7261 0.7250 0.4050
55 (15,625) 0.7199| 0.7232 0.7090 0.7161 0.7221 0.7196
0.7246| 0.7244 0.7244 0.7250 0.7246 0.4922
57 (78,125) 0.7245| 0.7253 0.7205 0.7248 0.7285 0.7277
0.7249| 0.7249 0.7245 0.7245 0.7251 0.6649
5% (390,625) |0.7252| 0.7256 0.7257 0.7252 0.7250 0.7257
0.7250| 0.7250 0.7247 0.7250 0.7250 0.7249
5% (1,953,125)]0.7244| 0.7241 0.7244 0.7246 0.7250 0.7247
0.7250| 0.7250 0.7248 0.7250 0.7251 0.7249

2. 51 |<22222> , the SBE of s1 obtained by examining the occurrences of ‘(22222)’

: .o _ 5/ N
is : 81 |<o2200> =1 — §/ 722, o

We believe that deriving the expressions for other higher order SBEs is not expe-
dient. Obtaining them would involve explicitly solving algebraic equations which
are higher than of a quintic order, and it is well known that this is intractable
(other than by resorting to numerical methods).

We conclude this section by stating that the question of how we can effectively
compute the SBEs for orders of 5 and higher is still effectively open.

Fusing the MLE and the SBEs to Yield a Superior Estimate: One of
the most interesting problems that still remains open involves the question of
how the MLE and the SBEs can be fused to yield a superior estimate. Rather
than discuss “specifics”, let us assume that we have obtained a set of estimates
@ = [¢po, ¢1,¢2,...6p|T, where, for simplicity, we use the notation that ¢q is
the traditional MLE, and the other ¢;’s are the SBEs. Thus, for example, an
instantiation of @ could be the 7-component vector:

@ = [51,51 |<11> , 81 |<12> , 51 |<111> » 81 |<222> , 81 |<1111> , 81 |<12225 |7

The aim of the fusing exercise is to combine the information in the components
of @ to obtain an even more superior estimate 521

The first question that needs to be answered is the following: If the traditional
MLE and all the SBEs converge to the same true value, what is the advantage
of such a fusing process? The answer lies simply in the fact that although the
traditional MLE and all the SBEs converge asymptotically to the same value,
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they all have completely different valuedd when the number of samples examined
is “small”. Thus, for example, when the number of samples examined is only 125
and the true value of s is 0.7250, the value of @ is:

¢ = [0.7920,0.8032, 0.7800,0.8111, 0.7958, 0.7989, 0.7920, 0.7811] .

Observe that the traditional MLE is 0.7920 (quite distant from the true value
of 0.7250), while other SBEs are closer to the true value. Thus, it would be
advantageous to seek a scheme which uses these different “descriptors” of s; to
lead to a more accurate estimate of s;. In all these estimates, we consciously
discard elements of @ which are unity or zero, as these represent the cases when
the solution of the underlying equation don’t lead to a realistic estimate.

We have designed four different fusion methods that use the D components
of @. The details of the methods are omitted here in the interest of brevity, but
can be found in [I1], but this entire avenue is open to further research.

Classification Using the MLE and the SBE: Another major possibility for
further research involves combining the classifier decisions obtained by the MLEs
and the various SBEs. In the study of pattern recognition, classifier combina-
tion has received considerable attention because of its potential to improve the
performance of individual classification systems. The basic idea is to solve each
classification problem by designing a specific classifier, and then to combine the
classifiers in some way to achieve reduced classification error rates. Indeed, the
choice of an appropriate fusion method can further improve on the performance
of the combination. Various Classifier Fusion Schemes (CFS) have been proposed
in the literature - excellent studies are found in [9,7]. We have designed a few
different fusion classification methods for SBEs (omitted here in the interest of
brevity, but included in [I1]), but here too the ground is fertile, and we believe
that a lot of research remains to be accomplished.

Non Pattern Recognition Potential Applications of SBEs: Apart from
the obvious applications in Pattern Recognition (PR) (mentioned above), there
are numerous situations where data arrives in a sequence, and where it is possible
to assign a binary indicator variable to the arriving data. This section introduces
two such example applications that are representative for wide classes of use. We
note, in passing, that thse methods can be used for even broader application ar-
eas when we seek methods to obtain the sequence estimates so as to improve
the quality and convergence of lower order estimators. In particular, this may
allow the use of estimation in real-time control applications where the conver-
gence of MLEs are too slow compared to the time constant of the system being
controlled.

Network Transmission Quality: The Internet is omnipresent today, and the
Internet Protocol (IP) is the dominating protocol for long haul data communi-
cation. However, the IP itself does not provide any transmission guarantees, and

8 This is reminiscent of the fairy tale of the seven blind men who each described an
elephant with completely different descriptions. While each of the descriptors was,
in itself, inaccurate, the composite picture was accurate!
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packets may freely be delayed, delivered out of order, or even discarded in the
case of network congestion. To remedy this situation most Internet applications
requiring reliable and sequential delivery use the Transmission Control Protocol
(TCP) on top of the IP, namely, the TCP/IP [14]. For applications which cannot
accept neither long delays nor jitter (delay variation) nor out of order delivery
the TCP is not the solution, and various other protocols and mechanisms to
achieve the desired transmission quality in the Internet have been proposed [17].
Providing strict transmission quality guarantees per flow can be done, but this
requires intelligence installed in every router along the transmission path [I5].
Further, if a flow crosses multiple ISPs it will mix with other traffic between
the ISPs, and the end-user’s SLA with its ISP will not extend to the ISPs fur-
ther down-stream. Currently, no end-to-end transmission guarantees for a flow
in the Internet can be given beyond that of the TCP; this is an active research
topic [5].

By categorizing a packet within the delay bound as a Success (say, with value
‘1) and a dropped packet as a Failure (with value ‘2’), the situation fits the SBE
framework presented in this paper. The delay sensitive flow can be admitted if
the failure rate, o, estimated from the probing is below a certain limit. A side
effect of using the SBE instead of the MLE would be the advantage of being
able to gather statistics on the probability of a sequence of subsequent failures.
More details of this proposition are found in [IT].

Arithmetic Coding: Arithmetic coding [6/12] has the ability to serve two pur-
poses: Lossless data compression [16] and the assignment of unique signatures
for sets and databases. The fundamental idea is to encode a sequence of symbols
taken from an alphabet as a sequence of bits, so that more frequently occur-
ring symbols are assigned a lesser number of bits, where the assignment can be
achieved either static or adaptive.

Given the encoded bit string the SBE is directly applicable. Using the SBE on
the bit stream the decoder might be able to predict the incoming symbol before
it has completely arrived. Such a look-ahead would be a result of combining the
relative frequencies of ‘0’ and ‘1’ in the stream with the relative occurrence of the
sub-sequences. The added benefit will be that the encoder can use the information
of the symbol it is set to decode immediately, i.e. update the frequency table of
the model before encoding the symbol. The details of this opportunity, including
rendering it less vulnerable to transmission errors (see [I1] needs to be further
investigated, and is a topic for further research.

5 Conclusions

In this paper, we considered the age-old problem of estimating the parameters
of a distribution from its observations. Unlike the method that is customarily
employed, (which processes the information contained in the observations taken
as a set), we demonstrate how the estimation can be enhanced by utilizing both
the information in the observations and in their sequence of appearance. In this
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regard, we have derived the corresponding MLE results when the samples are
taken two-at-a-time, three-at-a-time, four-at-a-time etc. In each case, we also
experimentally demonstrated the convergence of the corresponding estimates.
We have visited the various strategies by which these estimates could be fused
to yield superior overall cumulative estimates. Our results demonstrate that the
strategy is very promising, and that it has potential applications in fused PR
systems, and in the domains of enhancing Internet protocols and data encoding.
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Abstract. Studies on ensemble methods for classification suffer from
the difficulty of modeling the complementary strengths of the compo-
nents. Kleinberg’s theory of stochastic discrimination (SD) addresses this
rigorously via mathematical notions of enrichment, uniformity, and pro-
jectability of a model ensemble. We explain these concepts via a very
simple numerical example that captures the basic principles of the SD
theory and method. We focus on a fundamental symmetry in point set
covering that is the key observation leading to the foundation of the the-
ory. We believe a better understanding of the SD method will lead to
developments of better tools for analyzing other ensemble methods.

1 Introduction

Methods for classifier combination, or ensemble learning, can be divided into
two categories: 1) decision optimization methods that try to obtain consensus
among a given set of classifiers to make the best decision; 2) coverage optimization
methods that try to create a set of classifiers that can do well for all possible
cases under a fized decision combination function.

Decision optimization methods rely on the assumption that the given set of
classifiers, typically of a small size, contain sufficient expert knowledge about
the application domain, and each of them excels in a subset of all possible input.
A decision combination function is chosen or trained to exploit the individual
strengths while avoiding their weaknesses. Popular combination functions in-
clude majority /plurality votes[19], sum/product rules[14], rank/confidence score
combination[12], and probabilistic methods[13]. These methods are known to be
useful in many applications where reasonably good component classifiers can be
developed. However, the joint capability of the classifiers sets an intrinsic lim-
itation that a decision combination function cannot overcome. A challenge in
this approach is to find out the “blind spots” of the ensemble and to obtain an
additional classifier that covers them.

Coverage optimization methods use an automatic and systematic mechanism
to generate new classifiers with the hope of covering all possible cases. A fixed
function, typically simple in form, is used for decision combination. This can
be training set subsampling, such as stacking[22], bagging[2], and boosting[5],
feature subspace projection[10], superclass/subclass decomposition[d], or other

D.-Y. Yeung et al. (Eds.): SSPR&SPR 2006, LNCS 4109, pp. 22-H0] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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methods for randomly perturbing the classifier training procedures[d]. Open
questions in these methods are 1) how many classifiers are enough? 2) what
kind of differences among the component classifiers yields the best combined
accuracy? 3) how much limitation is set by the form of the component classi-
fiers?

Apparently both categories of ensemble methods run into some dilemma.
Should the component classifiers be weakened in order to achieve a stronger
whole? Should some accuracy be sacrificed for the known samples to obtain bet-
ter generalization for the unseen cases? Do we seek agreement, or differences
among the component classifiers?

A central difficulty in studying the performance of these ensembles is how
to model the complementary strengths among the classifiers. Many proofs rely
on an assumption of statistical independence of component classifiers’ decisions.
But rarely is there any attempt to match this assumption with observations of
the decisions. Often, global estimates of the component classifiers’ accuracies
are used in their selection, while in an ensemble what matter more are the local
estimates, plus the relationship between the local accuracy estimates on samples
that are close neighbors in the feature space

Deeper investigation of these issues leads back to three major concerns in
choosing classifiers: discriminative power, use of complementary information, and
generalization power. A complete theory on ensembles must address these three
issues simultaneously. Many current theories rely, either explicitly or implicitly,
on ideal assumptions on one or two of these issues, or have them omitted entirely,
and are therefore incomplete.

Kleinberg’s theory and method of stochastic discrimination (SD)[I5][16] is the
first attempt to explicitly address these issues simultaneously from a mathemat-
ical point of view. In this theory, rigorous notions are made for discriminative
power, complementary information, and generalization power of an ensemble. A
fundamental symmetry is observed between the probability of a fixed model cov-
ering a point in a given set and the probability of a fixed point being covered by
a model in a given ensemble. The theory establishes that, these three conditions
are sufficient for an ensemble to converge, with increases in its size, to the most
accurate classifier for the application.

Kleinberg’s analysis uses a set-theoretic abstraction to remove from consider-
ation algorithmic details of classifiers, feature extraction processes, and training
procedures. It considers only the classifiers’ decision regions in the form of point
sets, called weak models, in the feature space. A collection of classifiers is thus
just a sample from the power set of the feature space. If the sample satisfies a
uniformity condition, i.e., if its coverage is unbiased for any local region of the
feature space, then a symmetry is observed between two probabilities (w.r.t. the
feature space and w.r.t. the power set, respectively) of the same event that a
point of a particular class is covered by a component of the sample. Discrimina-
tion between classes is achieved by requiring some minimum difference in each
component’s inclusion of points of different classes, which is trivial to satisfy. By

! There is more discussion on these difficulties in a recent review[8].
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way of this symmetry, it is shown that if the sample of weak models is large, the
discriminant function, defined on the coverage of the models on a single point
and the class-specific differences within each model, converges to poles distinct
by class with diminishing variance.

We believe that this symmetry is the key to the discussions on classifier com-
bination. However, since the theory was developed from a fresh, original, and
independent perspective on the problem of learning, there have not been many
direct links made to the existing theories. As the concepts are new, the claims
are high, the published algorithms appear simple, and the details of more sophis-
ticated implementations are not known, the method has been poorly understood
and is sometimes referred to as mysterious.

It is the goal of this lecture to illustrate the basic concepts in this theory and
remove the apparent mystery. We present the principles of stochastic discrim-
ination with a very simple numerical example. The example is so chosen that
all computations can be easily traced step-by-step by hand or with very simple
programs. We use Kleinberg’s notation wherever possible to make it easier for
the interested readers to follow up on the full theory in the original papers. Our
emphasis is on explaining the concepts of uniformity and enrichment, and the
behavior of the discriminant when both conditions are fulfilled. For the details
of the mathematical theory and outlines of practical algorithms, please refer to
Kleinberg’s original publications[I5] [16] [17][18].

2 Symmetry of Probabilities Induced by Uniform Space
Covering

The SD method is based on a fundamental symmetry in point set covering. To
illustrate this symmetry, we begin with a simple observation. Consider a set
S = {a,b,c} and all the subsets with two elements s; = {a,b}, s2 = {a,c}, and
s3 = {b, c}. By our choice, each of these subsets has captured 2/3 of the elements
of S. We call this ratio r. Let us now look at each member of S, and check how
many of these three subsets have included that member. For example, a is in
two of them, so we say a is captured by 2/3 of these subsets. We will obtain
the same value 2/3 for all elements of S. This value is the same as r. This is
a consequence of the fact that we have used all such 2-member subsets and we
have not biased this collection towards any element of S. With this observation,
we begin a larger example.

Consider a set of 10 points in a one-dimensional feature space F'. Let this set
be called A. Assume that F' contains only points in A and nothing else. Let each
point in A be identified as qq, q1, ..., g9 as follows.

q0 91 92 93 94 45 96 97 48 99
Now consider the subsets of F. Let the collection of all such subsets be M,

which is the power set of F'. We call each member m of M a model, and we restrict
our consideration to only those models that contain 5 points in A, therefore each
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Table 1. Models m: in My 4 in the order of M = mq,ma,...,mas2. Each model
is shown with its elements denoted by the indices i of ¢; in A. For example, m; =

{QS,QS:QG,Q&IIQ}.

my; |elements|[my |elements|[my_ [clements|[m; [elements|[my__[cloments|[m; _|elements
my | 35689 ||my3| 12689 |[mgs | 24578 |[mi27| 01469 [|[migg| 02468 ||mao11| 02458
mg | 01268 ||myy| 04569 ||mgg | 23568 ||miag| 03679 ||mirg| 35678 ||maia| 13457
m3 | 04789 ||mys| 01245 ||mgy | 01267 ||miag| 04579 ||myi7i| 03589 ||mai3| 24689
my | 25689 ||myg| 01458 ||mgg | 01257 ||mizg| 01237 ||myira| 34679 ||ma1y| 03478
mg | 02679 ||myr| 15679 ||mgg | 05679 ||mi31| 24789 ||mirz| 12346 ||ma15| 23589
mg | 34578 ||myg| 12457 ||mgg | 24589 ||mi3n| 45689 ||miry| 12458 ||moig| 24679
me | 13459 ||mgg| 02379 ||mgy | 04589 ||mi33| 16789 ||mir5| 35789 ||mayr| 02456
mg | 01238 ||mpg| 02568 ||mgs | 12467 ||miz4| 13479 ||mirg| 02358 ||maig| 05689
mg | 12347 ||mgy| 12357 ||mg3 | 13578 ||mi35| 02349 ||myir7| 35679 ||maig| 12789
mig| 01579 ||mga| 14678 ||mgy | 02369 ||mizg| 13469 ||mirg| 13458 ||maog| 02346
myy| 34589 ||mg3| 12678 ||mgs | 12469 ||mi37| 03678 ||mirg| 01459 ||maoy| 23489
mio| 03459 ||mpy| 23567 ||mgg | 04567 ||mizg| 23679 ||migg| 03479 ||maaa| 23467
mi3| 23459 ||mgs| 02789 ||mgr | 14679 ||mizg| 46789 ||migi| 14789 ||mao3| 12489
miy| 02457 ||mgg| 24567 ||mgg | 13467 ||mis0| 01468 ||miga| 23678 ||maoy| 14589
mis| 02368 ||mgy| 13569 ||mgg | 45678 ||mi41| 03689 ||migz| 03456 ||maoas| 25678
mig| 02689 ||mpg| 01259 ||migo| 03469 |[miso| 02478 ||migy| 13456 ||maoog| 12579
miy| 01368 ||mpg| 23479 ||migy| 34789 ||mis3| 23457 ||migs| 01568 ||maoor| 03458
mig| 13589 ||mgo| 03579 ||miga| 45679 ||misq| 02347 ||mige| 01578 ||maag| 01569
mig| 14579 ||mg1| 12368 ||migz| 01358 ||mis5| 01289 |[|migr| 01678 ||maag| 45789
moq| 23468 ||mea| 23578 ||migs| 01379 ||misg| 01369 ||migg| 12367 ||mazg| 12358
moy| 26789 ||mg3| 02345 ||migs| 01236 ||mis7| 01356 ||migg| 12345 ||ma3zy| 02579
maoo| 15678 ||mey| 01479 ||migg| 01679 ||misg| 12379 ||migg| 25679 ||maza| 01457
mo3| 04578 ||mgs| 03569 ||mig7| 13689 ||misg| 02569 ||migi| 02367 ||maz3| 05789
moy| 04679 ||mgg| 01346 ||migg| 12479 ||mi50| 34678 ||miga| 01256 ||mazy| 01247
mas| 02459 ||mgr| 24568 ||migg| 14568 ||mi51| 24569 ||migz| 13679 ||ma3zs| 03467
mog| 12569 ||meg| 01359 ||miig| 15689 ||mi5a| 03578 ||migs| 04689 ||maozg| 12359
maoy| 01269 ||mgg| 12459 ||myj1| 01258 ||mi53| 02359 ||migs| 04568 ||maozr| 02567
mog| 06789 ||m7g| 01239 ||myja| 12389 ||miss| 01234 [|mige| 12578 ||mazg| 12356
maog| 01689 ||mey| 24678 ||myi3| 03568 ||mi55| 01345 ||migr| 12468 ||mazg| 02469
m3g| 01248 ||meo| 01347 ||myy4| 23689 ||mi5e| 02348 ||migg| 03468 ||moyg| 13468
mzy| 12456 ||mq3| 01467 ||my1s| 23478 ||mis7| 03457 ||migg| 34569 ||mag1| 02479
mzo| 13579 ||mqy| 04678 ||mijg| 34568 ||misg| 02357 ||mogg| 12369 ||maosa| 36789
mz3| 34689 ||mqs| 12589 ||mii7| 23569 ||misg| 01235 ||mogi| 13489 ||maoy3| 13568
may| 12679 ||mqg| 01348 ||myig| 14689 ||migg| 01378 ||moga| 12567 ||maogy| 02467
mzs| 12568 ||mogr7| 14569 ||mijg| 23789 ||migy| 14567 ||maogz| 02489 ||maoys| 01589
m3g| 34579 ||meg| 01789 ||misg| 01246 ||miga| 23458 |[|mogs| 02678 ||mogg| 01478
mzy| 01389 ||m7g| 01367 ||miay| 23579 ||mig3| 56789 ||mags| 13567 ||mogr| 15789
mag| 23469 ||mgg| 12478 ||miaa| 01456 ||migs| 34567 ||mage| 01357 ||mogg| 01349
mzg| 24579 ||mgy| 25789 ||miaz| 23456 ||migs| 01249 |[|magr| 01278 ||mosq| 02356
myp| 02589 ||mgo| 01489 ||mios| 03789 ||migg| 03489 ||magg| 02578 ||maso| 14578
myy| 01567 ||mg3| 03567 ||mias| 05678 ||migr| 02389 ||magg| 12348 ||masy| 13789
myo| 13478 ||mgy| 12349 ||miog| 13678 ||migs| 12378 |[mayg| 01279 ||moso| 02378

model has a size that is 0.5 of the size of A. Let this set of models be called My 5 4.
Some members of My 5 4 are as follows.

{0, 1, ¢2, 43, q1 }
{0, 1, @2, 43, g5 }
{Qm q1, 492, 43, g6 }

There are C(10,5) = 252 members in My s 4. Let M be a pseudo-random
permutation of members in My 5 4 as listed in Table 1. We identify models
in this sequence by a single subscript such that M = mi,ma, ..., ma52. We
expand a collection M; by including more and more members of Mys 4 in
the order of the sequence M as follows. M; = {mi1}, My = {mq,ma}, ...,
My = {mq1,ma,...m¢}.

Since each model covers some points in A, for each member ¢ in A, we can
count the number of models in M, that include g, call this count N (¢, M), and
calculate the ratio of this count over the size of My, call it Y (¢, M;). That is,
Y (q, M) = Probap(q € m|im € M;). As M; expands, this ratio changes and we
show these changes for each ¢ in Table 2. The values of Y (g, M;) are plotted in
Figure 1. As is clearly visible in the Figure, the values of Y (¢, M;) converge to
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Table 2. Ratio of coverage of each point ¢ by members of M; as M; expands
N (M, q) Y (Mg, q)

My 90 91 492 493 44 45 4647 48 49 | 4 a1 aq 93 94 45 de 497 48 49

Mq 0 0 0 1 0 1 1 0 1 1 |0.00 0.00 0.00 1.00 0.00 1.00 1.00 0.00 1.00 1.00
Mo 1 1 1 1 0 1 2 0 2 1 |0.50 0.50 0.50 0.50 0.00 0.50 1.00 0.00 1.00 0.50
Mg 2 1 1 1 1 1 2 1 3 2 (0.67 0.33 0.33 0.33 0.33 0.33 0.67 0.33 1.00 0.67
My 2 1 2 1 1 2 3 1 4 3 [0.50 0.25 0.50 0.25 0.25 0.50 0.75 0.25 1.00 0.75
Mg 3 1 3 1 1 2 4 2 4 4 [0.60 0.20 0.60 0.20 0.20 0.40 0.80 0.40 0.80 0.80
Mg 3 1 3 2 2 3 4 3 5 4 10.50 0.17 0.50 0.33 0.33 0.50 0.67 0.50 0.83 0.67
M~ 3 2 3 3 3 4 4 3 5 5 10.43 0.29 0.43 0.43 0.43 0.57 0.57 0.43 0.71 0.71
Mg 4 3 4 4 3 4 4 3 6 5 10.50 0.38 0.50 0.50 0.38 0.50 0.50 0.38 0.75 0.62
Mg 4 4 5 5 4 4 4 4 6 5 10.44 0.44 0.56 0.56 0.44 0.44 0.44 0.44 0.67 0.56
Mo 5 5 5 5 4 5 4 5 6 6 10.50 0.50 0.50 0.50 0.40 0.50 0.40 0.50 0.60 0.60
Mis9( 81 8 79 79 79 77 82 78 74 86 |0.51 0.50 0.50 0.50 0.50 0.48 0.52 0.49 0.47 0.54
Migp| 82 81 79 80 79 77 82 79 75 86 |0.51 0.51 0.49 0.50 0.49 0.48 0.51 0.49 0.47 0.54
Mig1|( 82 82 79 80 80 78 83 80 75 86 |0.51 0.51 0.49 0.50 0.50 0.48 0.52 0.50 0.47 0.53
Migo| 82 82 80 81 81 79 83 80 76 86 |0.51 0.51 0.49 0.50 0.50 0.49 0.51 0.49 0.47 0.53
Mie3| 82 82 80 81 81 80 84 81 77 87]0.50 0.50 0.49 0.50 0.50 0.49 0.52 0.50 0.47 0.53
Miea| 82 82 80 82 82 81 85 82 77 87]0.50 0.50 0.49 0.50 0.50 0.49 0.52 0.50 0.47 0.53
Mies5| 83 83 81 82 83 81 85 82 77 880.50 0.50 0.49 0.50 0.50 0.49 0.52 0.50 0.47 0.53
Miee| 84 83 81 83 84 81 85 82 78 89(0.51 0.50 0.49 0.50 0.51 0.49 0.51 0.49 0.47 0.54
Mie7| 85 83 82 84 84 81 85 82 79 90]0.51 0.50 0.49 0.50 0.50 0.49 0.51 0.49 0.47 0.54
Mieg| 85 84 83 85 84 81 85 83 80 90(0.51 0.50 0.49 0.51 0.50 0.48 0.51 0.49 0.48 0.54
Mogy3 (120 120 123 122 122 122 124 120 120 122]0.49 0.49 0.51 0.50 0.50 0.50 0.51 0.49 0.49 0.50
Moy4 (121 120 124 122 123 122 125 121 120 122|0.50 0.49 0.51 0.50 0.50 0.50 0.51 0.50 0.49 0.50
Moys (122 121 124 122 123 123 125 121 121 123|0.50 0.49 0.51 0.50 0.50 0.50 0.51 0.49 0.49 0.50
Moye (123 122 124 122 124 123 125 122 122 123|0.50 0.50 0.50 0.50 0.50 0.50 0.51 0.50 0.50 0.50
Moyg7(123 123 124 122 124 124 125 123 123 124|0.50 0.50 0.50 0.49 0.50 0.50 0.51 0.50 0.50 0.50
Moyg|124 124 124 123 125 124 125 123 123 125|0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
Moygg (125 124 125 124 125 125 126 123 123 125|0.50 0.50 0.50 0.50 0.50 0.50 0.51 0.49 0.49 0.50
Mogp 125 125 125 124 126 126 126 124 124 125|0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
Mogq 125 126 125 125 126 126 126 125 125 126|0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
Moso[126 126 126 126 126 126 126 126 126 126]|0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
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Fig.1. Plot of Y (q, M) versus t. Each line represents the trace of Y (g, M;) for a
particular ¢ as M; expands.

0.5 for each ¢. Also notice that because of the randomization, we have expanded
M; in a way that M; is not biased towards any particular g, therefore the values
of Y(q, M) are similar after M; has acquired a certain size (say, when ¢t = 80).
When M;=Mj 5 4, every point g is covered by the same number of models in
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M, and their values of Y (¢, M) are identical and is equal to 0.5, which is the
ratio of the size of each m relative to A (recall that we always include 5 points
from A in each m).

Formally, when ¢t = 252, M; = My 5 4, from the perspective of a fixed ¢, the
probability of it being contained in a model m from M; is

Proba(q € mim € My 4) = 0.5.

We emphasize that this probability is a measure in the space M by writing the
probability as Probas. On the other hand, by the way each m is constructed, we
know that from the perspective of a fixed m,

Probr(q € mlg e A) = 0.5.

Note that this probability is a measure in the space F. We have shown that
these two probabilities, w.r.t. two different spaces, have identical values. In other
words, let the membership function of m be Cy,(q), i.e., Cpn(q) = 1iff ¢ € m, the
random variables AgC, (q) and AmC,,(¢q) have the same probability distribution,
when ¢ is restricted to A and m is restricted to My 5 4. This is because both
variables can have values that are either 1 or 0, and they have the value 1 with
the same probability (0.5 in this case). This symmetry arises from the fact that
the collection of models Mg 5 4 covers the set A uniformly, i.e., since we have
used all members of My 5 4, each point ¢ have the same chance to be included
in one of these models. If any two points in a set S have the same chance to
be included in a collection of models, we say that this collection is S-uniform.
It can be shown, by a simple counting argument, that uniformity leads to the
symmetry of Proba(qg € m|lm € Mo, 4) and Probr(q € m|g € A), and hence
distributions of AgCy,(¢q) and AmC., (q).

The observation and utilization of this duality are central to the theory of
stochastic discrimination. A critical point of the SD method is to enforce such a
uniform cover on a set of points. That is, to construct a collection of models in
a balanced way so that the uniformity (hence the duality) is achieved without
exhausting all possible models from the space.

3 Two-Class Discrimination

Let us now label each point ¢ in A by one of two classes ¢; (marked by “x”) and
¢a (marked by “0”) as follows.

X XX OO0 0 0 X X o0
qo 91 92 93 44 45 g6 47 48 99

This gives a training set T'R; for each class ¢;. In particular,
TRl = {q07 q1,92,47, QS}7

and
TRy ={q3,94,05,96,99}
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How can we build a classifier for ¢; and c; using models from My 5 47 First, we
evaluate each model m by how well it has captured the members of each class.
Define ratings r; (i = 1,2) for each m as

ri(m) = Probp(q € m|q € TR;).

For example, consider model m1 = {qs, g5, g6, gs, @9 } , where gs is in TRy and the
rest are in T Ro. T'R; has 5 members and 1 is in mq, therefore r1 (mq) = 1/5 = 0.2.
TRy has (incidentally, also) 5 members and 4 of them are in my, therefore
ro(my) = 4/5 = 0.8. Thus these ratings represent the quality of the models as a
description of each class. A model with a rating 1.0 for a class is a perfect model
for that class. We call the difference between r; and ro the degree of enrichment
of m with respect to classes (1,2), i.e., dj2 = r1 — ro. A model m is enriched if
d12 # 0. Now we define, for all enriched models m,

Cr(q) —r2(m)

A2 = ) ram)

and let X12(g, m) be 0 if d12(m) = 0. For a given m, r1 and r are fixed, and the
value of X (g, m) for each ¢ in A can have one of two values depending on whether
q is in m. For example, for mq, r1 = 0.2 and ro = 0.8, so X(¢,m) = —1/3 for
pOintS q3,95,46,98, 99, and X(qa m) = 4/3 for pOthS 40,491,492, 94, q7- NeXta for
each set My = {my, ma, ...,m¢}, we define a discriminant

Yia(q, My) = ZXm g, mp).

Y12(q,Mt)

15 1 1 1 1 1
0 50 100 150 200 250

number of weak models (t)

Fig. 2. Plot of Y12(q, M;) versus t. Each line represents the trace of Yi12(q, M:) for a
particular ¢ as M; expands.
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Table 3. Changes of Yi2(q, M:) as M; expands. For each t, we show the ratings for
each new member of M;, the values X2 for this new member, and Y32 for the collection
M up to the inclusion of this new member.

X12(g, my) if Yy2(q, My)
My | mg | rq | o |rg —rolg € myfa & mylao a1 a2 a3 aa a5 a6 97 48 49
M; | m; |0.20]0.80] -0.60 | -0.33 | 1.33 |1.33 1.33 1.33 -0.33 1.33 -0.33 -0.33 1.33 -0.33 -0.33
My | mo |0.80[0.20| 0.60 1.33 | -0.33 |1.33 1.33 1.33 -0.33 0.50 -0.33 0.50 0.50 0.50 -0.33
M3 | m3 |0.60]0.40| 0.20 3.00 | -2.00 [1.89 0.22 0.22 -0.89 1.33 -0.89 -0.33 1.33 1.33 0.78
My | my |0.40|0.60| -0.20 | -2.00 | 3.00 |[2.17 0.92 -0.33 0.08 1.75 -1.17 -0.75 1.75 0.50 0.08
Ms | mg |0.60]0.40| 0.20 3.00 | -2.00 [2.33 0.33 0.33 -0.33 1.00 -1.33 0.00 2.00 0.00 0.67
Mg | mg |0.40]0.60| -0.20 | -2.00 | 3.00 |[2.44 0.78 0.78 -0.61 0.50 -1.44 0.50 1.33 -0.33 1.06
My | my |0.20{0.80| -0.60 | -0.33 | 1.33 |[2.28 0.62 0.86 -0.57 0.38 -1.28 0.62 1.33 -0.10 0.86
Mg | mg |0.80[0.20| 0.60 1.33 | -0.33 |2.17 0.71 0.92 -0.33 0.29 -1.17 0.50 1.12 0.08 0.71
Mg | mg |0.60[0.40| 0.20 3.00 | -2.00 [1.70 0.96 1.15 0.04 0.59 -1.26 0.22 1.33 -0.15 0.41
Mig | m1g |0.60|0.40| 0.20 3.00 | -2.00 [1.83 1.17 0.83 -0.17 0.33 -0.83 0.00 1.50 -0.33 0.67
Mi59|m159|0.60|0.40| 0.20 3.00 | -2.00 [1.02 1.05 0.89 0.18 -0.01 -0.18 0.07 0.95 1.09 -0.06
Migo|m160|0.80|0.20| 0.60 1.33 | -0.33 |1.02 1.05 0.89 0.19 -0.01 -0.18 0.06 0.95 1.09 -0.06
Mig1|mig1|0.40/0.60| -0.20 | -2.00 | 3.00 [1.03 1.03 0.90 0.21 -0.02 -0.19 0.05 0.93 1.11 -0.04
Miga|mig2|0.40|0.60| -0.20 | -2.00 | 3.00 [1.04 1.04 0.88 0.19 -0.03 -0.20 0.07 0.94 1.09 -0.02
Mig3|mig3|0.40/0.60| -0.20 | -2.00 | 3.00 [1.06 1.06 0.89 0.21 -0.02 -0.21 0.06 0.92 1.07 -0.04
Miga|miga|0.20/0.80| -0.60 | -0.33 | 1.33 [1.06 1.06 0.90 0.21 -0.02 -0.21 0.05 0.92 1.07 -0.03
Migs|migs|0.60|0.40| 0.20 3.00 | -2.00 [1.07 1.07 0.91 0.19 0.00 -0.22 0.04 0.90 1.05 -0.01
Migg|m166)0.40/0.60| -0.20 | -2.00 | 3.00 [1.05 1.08 0.92 0.18 -0.01 -0.20 0.06 0.91 1.03 -0.02
Mig7|mig7|0.60|0.40| 0.20 3.00 | -2.00 [1.06 1.06 0.93 0.20 -0.02 -0.21 0.05 0.89 1.04 0.00
Migg|mi16g|0.80|0.20| 0.60 1.33 | -0.33 |1.06 1.07 0.94 0.20 -0.03 -0.21 0.04 0.90 1.05 -0.01
Magy3|moyg3]0.40/0.60| -0.20 | -2.00 | 3.00 [1.04 0.99 1.05 0.03 -0.01 -0.02 0.02 0.96 0.96 -0.02
Moy |mag4]0.60|0.40| 0.20 3.00 | -2.00 [1.05 0.98 1.06 0.03 0.00 -0.03 0.03 0.97 0.95 -0.03
Mays |mays|0.60|0.40| 0.20 3.00 | -2.00 [1.06 0.98 1.04 0.02 0.00 -0.02 0.02 0.96 0.96 -0.02
Mayg|masg|0.80|0.20| 0.60 1.33 | -0.33 |1.06 0.98 1.04 0.02 0.00 -0.02 0.02 0.96 0.96 -0.02
May7|maygr|0.60|0.40| 0.20 3.00 | -2.00 [1.05 0.99 1.03 0.01 -0.01 -0.01 0.01 0.97 0.97 -0.01
Mayg|magg|0.40|0.60| -0.20 | -2.00 | 3.00 [1.03 0.98 1.03 0.00 -0.01 0.01 0.03 0.97 0.97 -0.01
Mayg|ma49)0.40/0.60| -0.20 | -2.00 | 3.00 [1.02 0.99 1.02 -0.01 0.00 0.00 0.02 0.98 0.98 0.00
Maso|mas0|0.60|0.40| 0.20 3.00 | -2.00 [1.01 1.00 1.01 -0.02 0.01 0.01 0.01 0.99 0.99 -0.01
Mas1 |mas1|0.60|0.40| 0.20 3.00 | -2.00 [1.00 1.00 1.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00
Maso|mo52]0.80/0.20 0.60 1.33 | -0.33 |1.00 1.00 1.00 0.00 0.00 0.00 0.00 1.00 1.00 0.00

As the set M; expands, the value of Yi, changes for each q. We show, in
Table 3, the values of Y75 for each M; and each ¢, and for each new member m;
of My, r1, 12, and the two values of X15. The values of Yjs for each ¢ are plotted
in Figure 2.

In Figure 2 we see two separate trends. All those points that belong to class ¢;
have their Y75 values converging to 1.0, and all those in ¢o converging to 0.0. Thus
Y12 can be used with a threshold to classify an arbitrary point g. We can assign
q to class ¢p if Yi2(q, M;) > 0.5, and to class ¢y if Yi2(q, M;) < 0.5, and remain
undecided when Y12(g, M) = 0.5. Observe that this classifier is fairly accurate
far before M; has expanded to the full set My 5 4. We can also change the two
poles of Y12 to 1.0 and -1.0 respectively by simply rescaling and shifting Xis:

Cm(q) - TQ(m)) —1.

Xzl ) =20 n) ()

How did this separation of trends happen? Let us now take a closer look at
the models in each M; and see how many of them cover each point ¢. For a
given M;, among its members, there can be different values of r; and ro. But
because of our choices of the sizes of TRy, T'Ro, and m, we have only a small
set of distinct values that r; and r5 can have. Namely, since each model has 5
points, there are only six possibilities as follows.

no. of points from TR; 0 1 2 5
no. of points from TRy 5 4 3 0
1 0.00.20.40.60.81.0
T2 1.00.80.6 0.4 0.2 0.0

3 4
2 1
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Note that in a general setting r; and r2 do not have to sum up to 1. If we
included models of a larger size, say, one with 10 points, we can have both rq
and ro equal to 1.0. We have simplified matters by using models of a fixed size
and training sets of the same size. According to the values of r; and ro, in this
case we have only 6 different kinds of models.

Now we take a detailed look at the coverage of each point ¢ by each kind
of models, i.e., models of a particular rating (quality) for each class. Let us
count how many of the models of each value of r; and ry cover each point g,
and call this Naz, », 7R, (¢) and Ny, ., TR,(q) respectively. We can normalize
this count by the number of models having each value of r; or ro, and obtain
a ratio far, r,, 7R, (¢) and far, r, TR, (q) respectively. Thus, for each point ¢, we
have “a profile of coverage” by models of each value of ratings r; and ry that is
described by these ratios. For example, point gy at t = 10 is only covered by 5
models (mg, ms, ms, ms, mig) in Mg, and from Table 3 we know that My has
various numbers of models in each rating as summarized in the following table.

r1 0.00.2 04 060.81.0
no. of models in Mg withry 0 2 2 4 2 0
Ny, 7R (90) 00 0 3 2 0
frtio,r1, 7R (90) 0 0 007510 0
T 0.00.2 04 060.81.0
no. of models in Mg withr, 0 2 4 2 2 0
Nutig,ra, TR, (90) 02 3 0 0O
ftio,re TR (Q0) 01.0075 0 0 O

We show such profiles for each point ¢ and each set M; in Figure 3 (as a
function of r1) and Figure 4 (as a function of r9) respectively.

Observe that as t increases, the profiles of coverage for each point ¢ converge
to two distinct patterns. In Figure 3, the profiles for points in TRy converge
to a diagonal fas,r,, 7R, = 71, and in Figure 4, those for points in TRy also
converge to a diagonal fas, r, 7R, = 7T2. That is, when M; = M5 4, we have
for all ¢ in TRy and for all v, Probap(q € mlm € My, rr,) = 71, and for all
q in TRy and for all vy, Probapm(q € m|lm € My, Tr,) = r2. Thus we have the
symmetry in place for both TRy and T Ry. This is a consequence of M; being
both T'Rj-uniform and T Rs-uniform.

The discriminant Yi2(q, M) is a summation over all models m in My, which
can be decomposed into the sums of terms corresponding to different ratings r;
for either i« = 1 or ¢ = 2. To understand what happens with the points in T'Ry,
we can decompose their Y15 by values of r1. Assume that there are ¢, models in
M; that have r; = z. Since we have only 6 distinct values for x, M; is a union
of 6 disjoint sets, and Y12 can be decomposed as

Yl?(q? Mt) = toT'O [ﬁ Z%%,%:l Xl?(q’ mko.o)] + toT2 [% Z%%é:l Xl?(q’ mkoa)] +
0t [ Zf?{_iq Xa(gq, mi, ,)] + B[ Zf%i:l Xi2(q, Miy )] +
[ﬁ Zk%i:l X12(q’ mko.s)] + tlT'O [ﬁ Zklll_?)=1 X12(q’ mk1.0)]'

o+

H~
+°
joo
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IMus TR

. 250

g9 € TR»

Fig.3. far,,r, 7R, (q) for each point ¢ and set M. In each plot, the z axis is ¢ that
ranges from 0 to 252, the y axis is r that ranges from 0 to 1, and the z axis is far,,r, 7R, -
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£ [Mui TRilg)

200 > 00

qs € TRy qo € TR2

Fig.4. fuar,,r,, 7R, (q) for each point ¢ and set M;. In each plot, the x axis is ¢ that
ranges from 0 to 252, the y axis is r that ranges from 0 to 1, and the z axis is far,,ro, TR -
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The factor in the square bracket of each term is the expectation of values of
X1o corresponding to that particular rating r1 = x. Since r; is the same for all
m contributing to that term, by our choice of sizes of TR, T'R2, and the models,
r9 is also the same for all those m relevant to that term. Let that value of ro be
y, we have, for each (fixed) ¢, each value of z and the associated value y,

):E(me(q))*y:xfyzl'

r—=y r—=y rT—=Yy

E(X12(¢, mz)) = E(

The second to the last equality is a consequence of the uniformity of M;:
because the collection M; (when t = 252) covers TR; uniformly, we have for
each value x, Probap (g € mim € My rr,) = z, and since C,,, (¢) has only two
values (0 or 1), and Cy,, (¢) = 1 iff ¢ € m, we have the expected value of C,,_ (q)
equal to x. Therefore

to.o +to.2 +to.4 +toe +tos + 1.0

YIZ(QaMt) = P =1

In a more general case, the values of r5 are not necessarily equal for all models
with the same value for r1, so we cannot take y and x — y out as constants. But
then we can further split the term by the values of ry, and proceed with the
same argument.

A similar decomposition of Y75 into terms corresponding to different values of
ro will show that Y12(q, M;) = 0 for those points in T Rs.

4 Projectability of Models

We have built a classifier and shown that it works for TR; and T'Rs. How can
this classifier work for an arbitrary point that is not in T'R; or T'Rs? Suppose
that the feature space F' contains other points p (marked by “”), and that each
p is close to some training point ¢ (marked by “.”) as follows.

* * *) *) * *) *9 *) *) *

qo,Po 491,P1 92,P2 43,P3 94,P4 45,P5 46, P6 47, P7 48, P8 49, P9

We can take the models m as regions in the space that cover the points ¢ in the
same manner as before. Say, if each point g; has a particular value of the feature
v (in our one-dimensional feature space) that is v(g;). We can define a model by
ranges of values for this feature, e.g., in our example m covers qs, gs, gs, s, 99,
so we take

my = {q|v(Q2)J2rv(qs) <v(q) < U(Q:})‘;U(‘M)}U
q ”(Q4)J2rv(%) <w(g) < U(qs);v(qﬂ}u

{g 257 < o(g)).

Thus we can tell if an arbitrary point p with value v(p) for this feature is
inside or outside this model.
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We can calculate the model’s ratings in exactly the same way as before, using
only the points ¢. But now the same classifier works for the new points p, since we
can use the new definitions of models to determine if p is inside or outside each
model. Given the proximity relationship as above, those points will be assigned
to the same class as their closest neighboring q. If these are indeed the true classes
for the points p, the classifier is perfect for this new set. In the SD terminology,
if we call the two subsets of points p that should be labeled as two different
classes T'Ey and TEy, i.e., TEy = {po,p1,p2,p7,08}, T E2 = {p3,p4, 5,6, P9},
we say that TRy and TFE; are M;-indiscernible, and similarly TRy and T Fs
are also M;-indiscernible. This is to say, from the perspective of M, there is no
difference between T'R; and T'E1, or T' Ry and T E», therefore all the properties
of M; that are observed using T'R; and T Ry can be projected to T E; and T Fs.
The central challenge of an SD method is to maintain projectability, uniformity,
and enrichment of the collection of models at the same time.

5 Developments of SD Theory and Algorithms

5.1 Algorithmic Implementations

The method of stochastic discrimination constructs a classifier by combining a
large number of simple discriminators that are called weak models. A weak model
is simply a subset of the feature space. In summary, the classifier is constructed
by a three-step process: (1) weak model generation, (2) weak model evaluation,
and (3) weak model combination. The generator enumerates weak models in an
arbitrary order and passes them on to the evaluator. The evaluator has access
to the training set. It rates and filters the weak models according to their capa-
bility in capturing points of each class, and their contribution to satisfying the
uniformity condition. The combiner then produces a discriminant function that
depends on a point’s membership in each model, and the models’ ratings. At
classification, a point is assigned to the class for which this discriminant has the
highest value. Informally, the method captures the intuition of gaining wisdom
from random guesses with feedback.

Weak model generation. Two guidelines should be observed in generating
the weak models:

(1) projectability: A weak model should be able to capture enough points both
inside and outside the training set so that the solution can be projectable to
points not included in the training set. Geometrically, this means that a useful
model must be of certain minimum size, and it should be able to capture points
that are considered neighbors of one another. To guarantee similar accuracies
of the classifier (based on similar ratings of the weak models) on both training
and testing data, one also needs an assumption that the training data are rep-
resentative. Data representativeness and model projectability are two sides of
the same question. More discussions of this can be found in [I]. A weak model
defines a neighborhood in the space, and we need a training sample in a neighbor-
hood of every unseen sample. Otherwise, since our only knowledge of the class
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boundaries is derived from the given training set, there is no basis for inference
concerning regions of the feature space where no training samples are given.

(2) simplicity of representation: A weak model should have a simple representa-
tion. That means, the membership of an arbitrary point with respect to a model
must be cheaply computable. To illustrate this, consider representing a model as
a listing of all the points it contains. This is practically useless since the resultant
solution could be as expensive as an exhaustive template matching using all the
points in the feature space. An example of a model with a simple representation
is a half-plane in a two-dimensional feature space.

Conditions (1) and (2) restrict the type of weak models yet by no means reduce
the number of candidates to any tangible limit. To obtain an unbiased collection
of the candidates with minimum effort, random sampling with replacement is
useful. The training of the method thus relies on a stochastic process which, at
each iteration, generates a weak model that satisfies the above conditions.

A convenient way to generate weak models randomly is to use a type of models
that can be described by a small number of parameters. Then a stream of mod-
els can be created by pseudo-random choices on the values of the parameters.
Some example types of models that can be generated this way include (1) half-
spaces bounded by a threshold on a randomly selected feature dimension; (2)
half-spaces bounded by a hyperplane of equi-distance to two randomly selected
points; (3) regions bounded by two parallel hyperplanes perpendicular to a ran-
domly selected axis; (4) hypercubes centered at randomly selected points with
edges of varying lengths; and (5) balls (based on the city-block metric, Euclidean
distance, or other dissimilarity measures) centered at randomly selected points
with randomly selected radii. A model can also be a union or intersection of
several regions of these types. An implementation of SD using hyper-rectangular
boxes as weak models is described in [9].

A number of heuristics may be used in creating these models. These heuristics
specify the way random points are chosen from the space, or set limits on the
maximum and minimum sizes of the models. By this we mean restricting the
choices of random points to, for instance, points in the space whose coordinates
fall inside the range of those of the training samples, or restricting the radii
of the balls to, for instance, a fraction of the range of values in a particular
feature dimension. The purpose of these heuristics is to speed up the search for
acceptable models by confining the search within the most interesting regions,
or to guarantee a minimum model size.

Enrichment enforcement. The enrichment condition is relatively easy to en-
force, as models biased towards one class are most common. But since the strength
of the biases (|d;;(m)|) determines the rate at which accuracy increases, we tend
to prefer to use models with an enrichment degree further away from zero.

One way to implement this is to use a threshold on the enrichment degree to
select weak models from the random stream so that they are of some minimum
quality. In this way, one will be able to use a smaller collection of models to yield
a classifier of the same level of accuracy. However, there are tradeoffs involved
in doing this. For one thing, models of higher rating are less likely to appear in
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the stream, therefore more random models have to be explored in order to find
a sufficient number of higher quality weak models. And once the type of model
is fixed and the value of the threshold is set, there is a risk that such models
may never be found.

Alternatively, one can use the most enriched model found in a pre-determined
number of trials. This also makes the time needed for training more predictable,
and it permits a tradeoff between training time and quality of the weak models.

In enriching the model stream, it is important to remember that if the quality
of weak models selected is allowed to get too high, there is a risk that they will
become training set specific, that is, less likely to be projectable to unseen sam-
ples. This could present a problem since the projectability of the final classifier
depends on the projectability of its component weak models.

Uniformity promotion. The uniformity condition is much more difficult to
satisfy. Strict uniformity requires that every point be covered by the same num-
ber of weak models of every combination of per-class ratings. This is rather
infeasible for continuous and unconstrained ratings.

One useful strategy is to use only weak models of a particular rating. In such
cases, the ratings r;(m) and r;(m) are the same for all models m enriched for the
discrimination between classes 7 and j, so we need only to make sure that each
point is included in the same number of models. To enforce this, models can be
created in groups such that each group partitions the entire space into a set of
non-overlapping regions. An example is to use the leaves of a fully-split decision
tree, where each leaf is perfectly enriched for one class, and each point is covered
by exactly one leaf of each tree. For any pairwise discrimination between classes
¢ and j, we can use only those leaves of the trees that contain only points of
class 4. In other words, 7;(m) is always 1 and r;(m) is always 0. Constraints are
put in the tree-construction process to guarantee some minimum projectability.

With other types of models, a first step to promote uniformity is to use mod-
els that are unions of small regions with simple boundaries. The component
regions may be scattered throughout the space. These models have simple rep-
resentations but can describe complicated class boundaries. They can have some
minimum size and hence good projectability. At the same time, the scattered
locations of component regions do not tend to cover large areas repeatedly.

A more sophisticated way to promote uniformity involves defining a measure
of the lack of uniformity and an algorithm to minimize such a measure. The goal
is to create or retain more models located in areas where the coverage is thinner.
An example of such a measure is the count of those points that are covered by a
less-than-average number of previously retained models. For each point x in the
class ¢g to be positively enriched, we calculate, out of all previous models used
for that class, how many of them have covered x. If the coverage is less than
the average for class ¢y, we call z a weak point. When a new model is created,
we check how many such weak points are covered by the new model. The ratio
of the set of covered weak points to the set of all the weak points is used as
a merit score of how well this model improves uniformity. We can accept only
those models with a score over a pre-set threshold, or take the model with the
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best score found in a pre-set number of trials. One can go further to introduce
a bias to the model generator so that models covering the weak points are more
likely to be created. The later turns out to be a very effective strategy that led
to good results in our experiments.

5.2 Alternative Discriminants and Approximate Uniformity

The method outlined above allows for rich possibilities of variations in SD algo-
rithms. The variations may be in the design of the weak model generator, or in
ways to enforce the enrichment and uniformity conditions. It is also possible to
change the definition of the discriminant, or to use different kinds of ratings.

A variant of the discriminating function is studied in detail in [I]. In this
variant, the ratings are defined as

r’-(m) . |m ﬂTRzl
S ImN TR

for all 7. It is an estimate of the posterior probability that a point belongs to

class i given the condition that it is included in model m. The discriminant for

class i is defined to be:

Ykt Cnl@)ri(m)
2 k=1 Di Cula)

where p; is the number of models accumulated for class 1.

It turns out that, with this discriminant, the classifier also approaches perfec-
tion asymptotically provided that an additional symmetry condition is satisfied.
The symmetry condition requires that the ensemble includes the same num-

ber of models for all permutations of (r},75,...,7,). It prevents biases created

T n
by using more (i, j)-enriched models than (j,)-enriched models for all pairs
(i,7)[I]. Again, this condition may be enforced by using only certain particu-
lar permutations of the 7’ ratings, which is the basis of the random decision
forest method[7][10]. This alternative discriminant is convenient for multi-class
discrimination problems.

The SD theory establishes the mathematical concepts of enrichment, uni-
formity, and projectability of a weak model ensemble. Bounds on classification
accuracy are developed based on strict requirements on these conditions, which
is a mathematical idealization. In practice, there are often difficult tradeoffs
among the three conditions. Thus it is important to understand how much of
the classification performance is affected when these conditions are weakened.
This is the subject of study in [3], where notions of near uniformity and weak
indiscernibility are introduced and their implications are studied.

Wi(q)

yeeey

5.3 Structured Collections of Weak Models

As a constructive procedure, the method of stochastic discrimination depends
on a detailed control of the uniformity of model coverage, which is outlined
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but not fully published in the literature[I7]. The method of random subspaces
followed these ideas but attempted a different approach. Instead of obtaining
weak discrimination and projectability through simplicity of the model form,
and forcing uniformity by sophisticated algorithms, the method uses complete,
locally pure partitions given by fully split decision trees[7][10] or nearest neighbor
classifiers[I1] to achieve strong discrimination and uniformity, and then explicitly
forces different generalization patterns on the component classifiers. This is done
by training large capacity component classifiers such as nearest neighbors and
decision trees to fully fit the data, but restricting the training of each classifier
to a coordinate subspace of the feature space where all the data points are
projected, so that classifications remain invariant in the complement subspace.
If there is no ambiguity in the subspaces, the individual classifiers maintain
maximum accuracy on the training data, with no cases deliberately chosen to
be sacrificed, and thus the method does not run into the paradox of sacrificing
some training points in the hope for better generalization accuracy. This is to
create a collection of weak models in a structured way.

However the tension among the three factors persists. There is another difficult
tradeoff in how much discriminating power to retain for the component classifiers.
Can every one use only a single feature dimension so as to maximize invariance
in the complement dimensions? Also, projection to coordinate subspaces sets
parts of the decision boundaries parallel to the coordinate axes. Augmenting
the raw features by simple transformations[10] introduces more flexibility, but it
may still be insufficient for an arbitrary problem. Optimization of generalization
performance will continue to depend on a detailed control of the projections to
suit a particular problem.

6 Conclusions

The theory of stochastic discrimination identifies three and only three sufficient
conditions for a classifier to achieve maximum accuracy for a problem. These
are just the three elements long believed to be important in pattern recognition:
discrimination power, complementary information, and generalization ability. It
sets a foundation for theories of ensemble learning. Many current questions on
classifier combination can have an answer in the arguments of the SD theory:
What is good about building the classifier on weak models instead of strong
models? Because weak models are easier to obtain, and their smaller capacity
renders them less sensitive to sampling errors in small training sets[20][21], thus
they are more likely to have similar coverage on the unseen points from the
same problem. Why are many models needed? Because the method relies on the
law of large numbers to reduce the variance of the discriminant on each single
point. How should these models complement each other? The uniformity con-
dition specifies exactly what kind of correlation is needed among the individual
models.

Finally, we emphasize that the accuracy of SD methods is not achieved by
intentionally limiting the VC dimension[20] of the complete system; the com-
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bination of many weak models can have a very large VC dimension. It is a
consequence of the symmetry relating probabilities in the two spaces, and the
law of large numbers. It is a structural property of the topological space given
by the points and their combinations. The observation of this symmetry and its
relationship to ensemble learning is a deep insight of Kleinberg’s that we believe
can lead to a better understanding of other ensemble methods.
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Abstract. Statistical inference of sensor-based measurements is inten-
sively studied in pattern recognition. It is usually based on feature repre-
sentations of the objects to be recognized. Such representations, however,
neglect the object structure. Structural pattern recognition, on the con-
trary, focusses on encoding the object structure. As general procedures
are still weakly developed, such object descriptions are often application
dependent. This hampers the usage of a general learning approach.

This paper aims to summarize the problems and possibilities of general
structural inference approaches for the family of sensor-based measure-
ments: images, spectra and time signals, assuming a continuity between
measurement samples. In particular it will be discussed when probabilis-
tic assumptions are needed, leading to a statistically-based inference of
the structure, and when a pure, non-probabilistic structural inference
scheme may be possible.

1 Introduction

Our ability to recognize patterns is based on the capacity to generalize. We
are able to judge new, yet unseen observations given our experience with the
previous ones that are similar in one way or another. Automatic pattern recog-
nition studies the ways which make this ability explicit. We thereby learn more
about it, which is of pure scientific interest, and we construct systems that may
partially take over our pattern recognition tasks in real life: reading documents,
judging microscope images for medical diagnosis, identifying people or inspecting
industrial production.

In this paper we will reconsider the basic principles of generalization, espe-
cially in relation with sensor measurements like images (e.g. taken from some
video or CCD camera), time signals (e.g. sound registered by a microphone), and
spectra and histograms (e.g. the infra-red spectrum of a point on earth measured
from a satellite). These classes of measurements are of particular interest since
they can very often replace the real object in case of human recognition: we can
read a document, identify a person, recognize an object presented on a monitor
screen as well as by a direct observation. So we deal here with registered signals
which contain sufficient information to enable human recognition in an almost
natural way. This is an entirely different approach to study the weather patterns
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from a set of temperature and air pressure measurements than taken by a farmer
who observes the clouds and the birds.

The interesting, common aspect of the above defined set of sensor measure-
ments is that they have an observable structure, emerging from a relation be-
tween neighboring pixels or samples. In fact we do not perceive the pixel intensity
values themselves, but we directly see a more global, meaningful structure. This
structure, the unsampled continuous observation in space and/or time consti-
tutes the basis of our recognition. Generalization is based on a direct observation
of the similarity between the new and the previously observed structures.

There is an essential difference between human and automatic pattern recogni-
tion, which will be neglected here, as almost everywhere else. If a human observes
a structure, he may directly relate this to a meaning (function or a concept). By
assigning a word to it, the perceived structure is named, hence recognized. The
word may be different in different languages. The meaning may be the same, but
is richer than just the name as it makes a relation to the context (or other frame
of reference) or the usage of the observed object. On the contrary, in automatic
recognition it is often attempted to map the observations directly to class labels
without recognizing the function or usage.

If we want to simulate or imitate the human ability of pattern recognition it
should be based on object structures and the generalization based on similarities.
This is entirely different from the most successful, mainline research in pattern
recognition, which heavily relies on a feature-based description of objects instead
of their structural representations. Moreover, generalization is also heavily based
on statistics instead of similarities.

We will elaborate on this paradoxical situation and discuss fundamentally the
possibilities of the structural approach to pattern recognition. This discussion is
certainly not the first on this topic. In general, the science of pattern recognition
has already been discussed for a long time, e.g. in a philosophical context by
Sayre [I] or by Watanabe on several occasions, most extensively in his book
on human and mechanical recognition [2]. The possibilities of a more structural
approach to pattern recognition was one of the main concerns of Fu [3], but it
was also clear that, thereby, the powerful tools of statistical approaches [4J5/6//7]
should not be forgotten; see [S[9I10].

Learning from structural observations is the key question of the challenging
and seminal research programme of Goldfarb [TO/TTII2]. He starts, however, from
a given structural measurement, the result of a ’structural sensor’ [I3] and uses
this to construct a very general, hierarchial and abstract structural description
of objects and object classes in terms of primitives, the Evolving Transformation
System (ETS) [II]. Goldfarb emphasizes that a good structural representation
should be able to generate proper structures. We recognize that as a desirable,
but very ambitious direction. Learning structures from examples in the ETS
framework appears still to be very difficult, in spite of various attempts [14].

We think that starting from such a structural representation denies the quan-
titative character of the lowest level of senses and sensors. Thereby, we will again
face the question how to come to structure, how to learn it from examples given
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the numeric outcomes of a physical measurement process, that by its organiza-
tion in time and space respects this structure. This question will not be solved
here, as it is one of the most basic issues in science. However, we hope that
a contribution is made towards the solution by our a summary of problems and
possibilities in this area, presented from a specific point of view.

Our viewpoint, which will be explained in the next sections, is that the feature
vector representation directly reduces the object representation. This causes a
class overlap that can only be solved by a statistical approach. An indirectly
reducing approach based on similarities between objects and proximities of their
representations, may avoid, or at least postpone such a reduction. As a conse-
quence, classes do not overlap intrinsically, by which a statistical class descrip-
tion can be avoided. A topological- or domain-based description of classes may
become possible, in which the structural aspects of objects and object classes
might be preserved. This discussion partially summarizes our previous work on
the dissimilarity approach [I5], proximities [I6], open issues [I7] and the science
of pattern recognition [I§].

2 Generalization Principles

The goal of pattern recognition may be phrased as the derivation of a general
truth (e.g. the existence of a specified pattern) from a limited, not exhaustive set
of examples. We may say that we thereby generalize from this set of examples, as
the establishment of a general truth gives the possibility to derive non-observed
properties of objects, similar to those of observed examples.

Another way to phrase the meaning of generalization is to state that the truth
is inferred from the observations. Several types of inference can be distinguished:

Logical inference. This is the original meaning of inference: a truth is derived

from some facts, by logical reasoning, e.g.

1. Socrates is a man.

2. All man are mortal.

3. Consequently, Socrates is mortal.
It is essential that the conclusion was derived before the death of Socrates.
It was already known without having observed it.

Grammatical inference. This refers to the grammar of an artificial language
of symbols, which describes the ”sentences” that are permitted from a set of
observed sequences of such symbols. Such grammars may be inferred from
a set of examples.

Statistical inference. Like above, there are observations and a general, ac-
cepted or assumed, rule of a statistical (probabilistic) nature. When such
a rule is applied to the observations, more becomes known than just the
directly collected facts.

Structural inference. This is frequently used in the sense that structure is
derived from observations and some general law. E.g. in some economical
publications, ”structural inference” deals with finding the structure of a sta-
tistical model (such as the set of dependencies) by statistical means [19]. On
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the contrary, ”structural inference” can also be understood as using struc-
tural (instead of statistical) properties to infer unobserved object properties.

Empirical inference. This term is frequently used by Vapnik, e.g. in his re-
cent revised edition of the book on structural risk minimization [20]. It means
that unnecessary statistical models are avoided if some value, parameter, or
class membership has to be inferred from observational data. It is, however,
still based on a statistical approach, in the sense that probabilities and ex-
pectations play a role. The specific approach of empirical inference avoids
the estimation of statistical functions and models where possible: do not
estimate an entire probability density function if just a decision is needed.

It should be noted that in logical, statistical and empirical inferences object
properties are inferred by logical, statistical and empirical means, respectively.
In the terms of ”grammatical inference” and ”structural inference”, the adjective
does not refer to the means but to the goal: finding a grammar or a structure.
The means are in these cases usually either logical or statistical. Consequently,
the basic tools for inference are primarily logic and statistics. They correspond
to knowledge and observations. As logic cannot directly be applied to sensor
data, statistical inference is the main way for generalization in this case.

We will discuss whether in addition to logic and statistics, also structure can
be used as a basic means for inference. This would imply that given the structure
of a set of objects and, for instance, the corresponding class labels, the class label
of an unlabeled object can be inferred. As we want to learn from sensor data,
this structure should not be defined by an expert, but should directly be given
from the measurements, e.g. the chain code of an observed contour.

Consider the following example. A professor in archeology wants to teach
a group of students the differences in the styles of A and B of some classical
vases. He presents 20 examples for each style and asks the students to determine
a rule. The first student observes that the vases in group A have either ears or
are red, while those of group B may also have ears, but only if they are blue (a
color that never occurs for A). Moreover, there is a single red vase in group B
without ears, but with a sharp spout. In group A only some vases with ears have
a spout. The rule he presents is: if (ears A not_blue) V (red A no_ears A
no_spout) then A else B. The second student measures the sizes (weight and
height) of all vases, plots them on a 2D scatter plot and finds a straight line that
separates the vases with just two errors. The third student manually inspects
the vases from all sides and concludes that the lower part is ball-shaped in group
A and egg-shaped in group B. His rule is thereby: if ball-shaped then A, if
egg-shaped then B.

The professor asked the first student why he did not use characteristic paint-
ings on the vases for their discrimination. The student answered that they were
not needed as the groups could have perfectly been identified by the given prop-
erties. They may, however, be needed if more vases appear. So, this rule works
for the given set of examples, but does it generalize?

The second solution did not seem attractive to the professor as some mea-
surement equipment is needed and, moreover, two errors are made! The student
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responded that these two errors showed in fact that his statistical approach was
likely better than the logical approach of the first student, as it was more gen-
eral (less overtrained). This remark was not appreciated by the professor: very
strange to prove the quality of a solution by the fact that errors are made!

The third student seemed to have a suitable solution. Moreover, the shape
property was in line with other characteristics of the related cultures. Although
it was clear what was meant by the ball-ness and the egg-ness of the vase shapes,
the question remained whether this could be decided by an arbitrary assistant.
The student had a perfect answer. He drew the shapes of two vases, one from
each group, on a glass window in front of the table with vases. To classify a given
vase, he asked the professor to look through each of the two images to this vase
and to walk to and from the window to adjust the size until a match occurs.

We hope that this example makes clear that logic, statistics and structure can
be used to infer a property like a class label. Much more has to be explained
about how to derive the above decision rules by automatic means. In this paper,
we will skip the logical approach as it has little to do with the sensory data we
are interested in.

3 Feature Representation

We will first shortly summarize the feature representation and some of its ad-
vantages and drawbacks. In particular, it will be argued how this representation
necessarily demands a statistical approach. Hence, this has far reaching conse-
quences concerning how learning data should be collected. Features are object
properties that are suitable for their recognition. They are either directly mea-
sured or derived from the raw sensor data. The feature representation represents
objects as vectors in a (Euclidean) feature space. Usually, but not always, the
feature representation is based on a significant reduction. Real world objects
cannot usually be reconstructed from their features. Some examples are:

— Pieces of fruit represented by their color, maximum length and weight.

— Handwritten digits represented by a small set of moments.

— Handwritten digits represented by the pixels (in fact, their intensities) in

images showing the digits.

This last example is special. Using pixel values as features leads to pixel repre-
sentations of the original digits that are reductions: minor digit details may not
be captured by the given pixel resolution. If we treat, however, the digital picture
of a digit as an object, the pixel representation is complete: it represents the ob-
ject in its entirety. This is not strange as in handling mail and money transfers,
data typists often have to recognize text presented on monitor screens. So the
human recognition is based on the same data as used for the feature (pixels)
representation.

Note that different objects may have identical representations, if they are
mapped on the same vector in the feature space. This is possible if the fea-
ture representation reduces the information on objects, which is the main cause
for class overlap, in which objects belonging to different classes are identically
represented.
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The most common and most natural way to solve the problem of class overlap
is by using probability density functions. Objects in the overlap area are assigned
to the class that is the most probable (or likely) for the observed feature vector.
This not only leads to the fully Bayesian approaches, based on the estimation
of class densities and using or estimating class prior probabilities, but also to
procedures like decision trees, neural networks and support vector machines that
use geometrical means to determine a decision boundary between classes such
that some error criterion is minimized.

In order to find a probability density function in the feature space, or in order
to estimate the expected classification performance for any decision function that
is considered in the process of classifier design, a set of objects has to be available
that is representative for the distribution of the future objects to be classified
later by the final classifier. This last demand is very heavy. It requires that the
designer of a pattern recognition system knows exactly the circumstances under
which it will be applied. Moreover, he has to have the possibility to sample
the objects to be classified. There are, however, many applications in which
it is difficult or impossible. Even in the simple problem of handwritten digit
recognition it may happen that writing habits change over time or are location
dependent. In an application like the classification of geological data for mining
purposes, one likes to learn from existing mining sites how to detect new ones.
Class distributions, however, change heavily over the earth.

Another problem related to class overlap is that densities are difficult to es-
timate for more complete and, thereby, in some sense better representations,
as they tend to use more features. Consequently, they have to be determined in
high-dimensional vector spaces. Also the geometrical procedures suffer from this,
as the geometrical variability in such spaces is larger. This results in the paradox
of the feature representation: more complete feature representations need larger
training sets or will deteriorate in performance [21].

There is a fundamental question of how to handle the statistical problem of over-
lapping classes in case no prior information is available about the possible class dis-
tributions. If there is no preference, the No-Free-Lunch-Theorem [22] states that
all classifiers perform similarly to a random class assignment if we look over a set
of problems on average. It is necessary to restrict the set of problems significantly,
e.g. to compact problems in which similar objects have similar representations. It
is, however, still an open issue how to do this [23]. As long as the set of pattern
recognition problems is based on an unrealistic set, studies on the expected perfor-
mance of pattern recognition systems will yield unrealistic results. An example is
the Vapnik-Chervonenkis error bound based on the structural risk minimization
[20]. Although a beautiful theoretical result is obtained, the prescribed training
set sizes for obtaining a desired (test) performance are far from being realistic. The
support vector machine (SVM), which is based on structural risk minimization, is
a powerful classifier for relatively small training sets and classes that have a small
overlap. As a general solution for overlapping classes, as they arise in the feature
space, it is not suitable. We will point this out below.
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We will now introduce the idea of domain-based classifiers [24]. They construct
decision boundaries between classes that are described just by the domains they
cover in the feature space (or in any representation space) and do not depend
on (the estimates of) probability distributions. They are, thereby, insensitive to
ill-sampled training sets, which may even be selectively sampled by an expert.
Such classifiers may be beneficial for non-overlapping, or slightly overlapping
classes and are optimized for distances instead of densities. Consequently, they
are sensitive to outliers. Therefore, outliers should be removed in the firs step.
This is possible as the training set can be sampled in a selective way. Domain-
based classification may be characterized as taking care of the structure of the
classes in the feature space instead of their probability density functions.

If Vapnik’s concept of structural risk minimization [20] is used for optimizing
a separation function between two sets of vectors in a vector space, the resulting
classifier is the maximum margin classifier. In case no linear classifier exists to
make a perfect separation, a kernel approach may be used to construct a non-
linear separation function. Thanks to the reproducing property of kernels, the
SVM becomes then a maximum margin hyperplane in a Hilbert space induced
by the specified kernel [25]. The margin is only determined by support vectors.
These are the boundary objects, i.e. the objects closest to the decision boundary
f(x;0) [26125]. As such, the SVM is independent of class density models. Multiple
copies of the same object added to the training set do not contribute to the
construction of the SVM as they do for classifiers based on some probabilistic
model. Moreover, the SVM is also not affected by adding or removing objects of
the same class that lie further away from the decision boundary. This decision
function is, thereby, a truly domain-based classifier, as it optimizes the separation
of class domains and class density functions.

For nonlinear classifiers defined on nonlinear kernels, the SVM has, however, a
similar drawback as the nonlinear neural network. The distances to the decision
boundary are computed in the output Hilbert space defined by the kernel and
not in the input space. A second problem is that the soft-margin formulation [26],
the traditional solution to overlapping classes, is not domain-based. Consider a
two-class problem with the labels y € {—1, +1}, where y(x) denotes the true label
of x. Assume a training set X = {x;,y(x;)}i~;. The optimization problem for

a linear classifier f(x) = w'x + wyp is rewritten into:

minw |[w||? +C Yx, cx £(x),
st y(xa)f(xi) > 1 - &(x), 1)
§(xi) >0,

where £(x;) are slack variables accounting for possible errors and C' is a trade-off
parameter. ine  &(x;) is an upper bound of the misclassification error on the
training set, hence it is responsible for minimizing a sum of error contributions.
Adding a copy of an erroneously assigned object will affect this sum and, thereby,
will influence the sought optimum w. The result is, thereby, based on a mixture
of approaches. It is dependent on the distribution of objects (hence statistics)
as well as on their domains (hence geometry).
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A proper domain-based solution should minimize the class overlap in terms of
distances and not in terms of probability densities. Hence, a suitable version of
the SVM should be derived for the case of overlapping domains, resulting in the
negative margin SVM [24]. This means that the distance of the furthest away
misclassified object should be minimized. As the signed distance is negative,
the negative margin is obtained. In the probabilistic approach, this classifier
is unpopular as it will be sensitive to outliers. As explained above, outliers are
neglected in domain-based classification, as they have to be removed beforehand.

Our conclusion is that the use of features yields a reduced representation.
This leads to class overlap for which a probabilistic approach is needed. It relies
on a heavy assumption that data are drawn independently from a fixed (but
unknown) probability distribution. As a result, one demands training sets that
are representative for the probability density functions. An approach based on
distances and class structures may be formulated, but conflicts with the use of
densities if classes overlap.

4 Proximity Representation

Similarity or dissimilarity measures can be used to represent objects by their
proximities to other examples instead of representing them by a preselected set
of features. If such measurements are derived from original objects, or from raw
sensor data describing the objects fully (e.g. images, time signals and spectra
that are as good as the real objects for the human observer), then the reduction in
representation, which causes class overlap in the case of features, is circumvented.
For example, we may demand that the dissimilarity of an object to itself is
zero and that it can only be zero if it is related to an identical object. If it
can be assumed that identical objects belong to the same class, classes do not
overlap. (This is not always the case, e.g. a handwritten 7’ may be identical to
a handwritten '1).

In principle, such proximity representations may avoid class overlap. Hence,
they may offer a possibility to use the structure of the classes in the representa-
tion, i.e. their domains, for building classifiers. This needs a special, not yet well
studied variant of the proximity representation. Before a further explanation, we
will first summarize two variants that have been worked out well. This summary
is an adapted version of what has been published as [16]. See also [15].

Assume we are given a representation set R, i.e. a set of real-world objects that
can be used for building the representation. R={p1,pa,...,pn} is, thereby, a set
of prototype examples. We also consider a proximity measure d, which should
incorporate the necessary invariance (such as scale or rotation invariance) for the
given problem. Without loss of generality, let d denote dissimilarity. An object
x is then represented as a vector of dissimilarities computed between x and the
prototypes from R, i.e. d(x, R)=[d(x,p1),d(x,p2),...,d(z,p,)]". If we are also
given an additional labeled training set T = {¢1,t2,...,tn} of N real-world
objects, our proximity representation becomes an N x n dissimilarity matrix
D(T, R), where D(t;, R) is now a row vector. Usually R is selected out of T' (by
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various prototype selection procedures) in a way to guarantee a good tradeoff
between the recognition accuracy and the computational complexity. R and T
may also be different sets.

The k-NN rule can directly be applied to such proximity data. Although it
has good asymptotic properties for metric distances, its performance deteriorates
for small training (here: representation) sets. Alternative learning strategies rep-
resent proximity information in suitable representation vector spaces, in which
traditional statistical algorithms can be defined. So, they become more beneficial.
Such vector spaces are usually determined by some local or global embedding
procedures. Two approaches to be discussed here rely on a linear isometric em-
bedding in a pseudo-Euclidean space (where necessarily R C T') and the use of
proximity spaces; see [T6J/I5].

Pseudo-Euclidean linear embedding. Given a symmetric dissimilarity ma-
trix D(R, R), a vectorial representation X can be found such that the distances
are preserved. It is usually not possible to determine such an isometric embed-
ding into a Euclidean space, but it is possible into a pseudo-Euclidean space £ =
R®9)_ Tt is a (p+¢q)-dimensional non-degenerate indefinite inner product space
such that the inner product (-, -)¢ is positive definite on R? and negative definite
on RY [10]. Then, (x,y)s =x"Tpgy, where Jp, =diag (Ipxp; —Iyxq) and I is the
identity matrix. Consequently, d2(x,y) = (x—y,x—y)s =d3,(x,y) —d2,(X,y),
hence df: is a difference of square Euclidean distances found in the two subspaces,
RP? and R?. Since £ is a linear space, many properties related to inner products
can be extended from the Euclidean case [LO/I5].

The (indefinite) Gram matrix G of X can be expressed by the square dis-
tances D*? = (d?j) as G = —3JD*2J, where J = I — %11T [T027[15]. Hence,
X can be determined by the eigendecomposion of G, such that G = QAQT =
Q|A|M2diag( Ty 5 0) |A|Y/2QT. |A] is a diagonal matrix of first decreasing p’ pos-
itive eigenvalues, then decreasing magnitudes of ¢’ negative eigenvalues, followed
by zeros. () is a matrix of the corresponding eigenvectors. X is uncorrelated and
represented in R*, k=p'+¢', as X = Q| Ay|"/? [1027]. Since only some eigen-
values are significant (in magnitude), the remaining ones can be disregarded as
non-informative. The reduced representation X, =Q,, |Am\1/2, m=p+q<k,is
determined by the largest p positive and the smallest ¢ negative eigenvalues. New
objects D(Tyest, R) are orthogonally projected onto R™; see [TO/27TH]. Classi-
fiers based on inner products can appropriately be defined in £. A linear classifier
f(x)=vTT,yx+ vy is e.g. constructed by addressing it as f(x)=w'x+vg, where
w =T,V in the associated Euclidean space R?*+%) [T0/27/T5].

Proximity spaces. Here, the dissimilarity matrix D(X, R) is interpreted as
a data-dependent mapping D(-, R): X — R™ from some initial representation
X to a vector space defined by the set R. This is the dissimilarity space (or a
similarity space, if similarities are used), in which each dimension D(-,p;) corre-
sponds to a dissimilarity to a prototype p; € R. The property that dissimilarities
should be small for similar objects (belonging to the same class) and large for
distinct objects, gives them a discriminative power. Hence, the vectors D(-, p;)
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can be interpreted as features’ and traditional statistical classifiers can be de-
fined [28/T5]. Although the classifiers are trained on D(-, R), the weights are still
optimized on the complete set T'. Thereby, they can outperform the k-NN rule
as they become more global in their decisions.

Normal density-based classifiers perform well in dissimilarity spaces [27J28/15].
This especially holds for summation-based dissimilarity measures, summing over
a number of components with similar variances. Such dissimilarities are approxi-
mately normally distributed thanks to the central limit theorem (or they approx-
imate the x? distribution if some variances are dominant) [I5]. For instance, for a
two-class problem, a quadratic normal density based classifier is given by

F(D(x, R)) = i, S (D(w, B)—my) TS, (D(x, R)—m;) + log 243 log 124,

3
where m; are the mean vectors and S; are the class covariance matrices, all esti-

mated in the dissimilarity space D(-, R). p; are the class prior probabilities. By re-
placing S1 and Ss by the average covariance matrix, a linear classifier is obtained.

The two learning frameworks of pseudo-Euclidean embedding and dissimi-
larity spaces appear to be successful in many problems with various kinds of
dissimilarity measures. They can be more accurate and more efficient than the
nearest neighbor rule, traditionally applied to dissimilarity data. Thereby, they
provide beneficial approaches to learning from structural object descriptions for
which it is more easy to define dissimilarity measures between objects than to
find a good set of features. As long as these approaches are based on a fixed
representation set, however, class overlap may still arise as two different objects
may have the same set of distances to the representation set. Moreover, most
classifiers used in the representation spaces are determined based on the tradi-
tional principle of minimizing the overlap. They do not make a specific use of
principles related to object distances or class domains. So, what is still lacking
are procedures that use class distances to construct a structural description of
classes. The domain-based classifiers, introduced in Section [B] may offer that in
future provided that the representation set is so large that the class overlap is
(almost) avoided. A more fundamental approach is described below.

Topological spaces. The topological foundation of proximity representations
is discussed in [I5]. It is argued that if the dissimilarity measure itself is un-
known, but the dissimilarity values are given, the topology cannot, as usual, be
based on the traditional idempotent closures. An attempt has been made to use
neighborhoods instead. This has not resulted yet in a useful generalization over
finite training sets.

Topological approaches will aim to describe the class structures from local
neighborhood relations between objects. The inherent difficulty is that many of
the dissimilarity measures used in structural pattern recognition, like the nor-
malized edit distance, are non-Euclidean, and even sometimes non-metric. It has
been shown in a number of studies that straightforward Euclidean corrections are
counter productive in some applications. This suggests that the non-Euclidean
aspects may be informative. Consequently, a non-Euclidean topology would be
needed. This area is still underdeveloped.
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A better approach may rely on two additional sources of information that are
additionally available. These are the definition of the dissimilarity measure and
the assumption of class compactness. They may together tell us what is really
local or how to handle the non-Euclidean phenomena of the data. This should
result in a topological specification of the class structure as learned from the
training set.

5 Structural Representation

In the previous section we arrived at a structure of a class (or a concept), i.e. the
structural or topological relation of the set of all objects belonging to a partic-
ular class. This structure is influenced by the chosen representation, but is in
fact determined by the class of objects. It reflects, for instance, the set of con-
tinuous transformations of the handwritten digits ’7’ that generate exclusively
all other forms that can be considered as variants of a handwritten ’7’. This
basically reflects the concept used by experts to assign the class label. Note,
however, that this rather abstract structure of the concept should be clearly dis-
tinguished from the structure of individual objects that are the manifestations
of that concept.

The structure of objects, as presented somewhere in sensory data of images,
such as time signals and spectra, is directly related to shape. The shape is a
one- or multi-dimensional set of connected boundary points that may be lo-
cally characterized by curvature and described more globally by morphology
and topology. Note that the object structure is related to an outside border
of objects, the place where the object ends. If the object is a black blob in a
two-dimensional image (e.g. a handwritten digit) then the structure is expressed
by the contour, a one-dimensional closed line. If the grey-value pixel intensities
inside the blob are relevant, then we deal with a three-dimensional blob on a
two-dimensional surface. (As caves cannot exist in this structure it is sometimes
referred to as a 2.5-dimensional object).

It is important to realize that the sensor measurements are characterized by a
sampling structure (units), such as pixels or time samples. This sampling struc-
ture, however, has nothing to do with the object structure. In fact, it disturbs
it. In principle, objects (patterns describing real objects) can lie anywhere in
an image or in a time frame. They can also be rotated in an image and appear
in various scales. Additionally, we may also vary the sampling frequency. If we
analyze the object structure for a given sampling, then the object is “nailed”
to some grid. Similar objects may be nailed in an entirely different way to this
grid. How to construct structural descriptions of objects that are independent of
the sampling grid on which the objects are originally presented is an important
topic of structural pattern recognition.

The problem of structural inference, however, is not the issue of representation
itself. It is the question how we can establish the membership of an object to a given
set of examples based on their structure. Why is it more likely that a new object X
belongs to a set A than a set B? A few possible answers are presented below.
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1. X is an example of A, because the object in A U B that is most similar to
X belongs to A. This decision may depend on the accidental availability of
particular objects. Moreover, similarity should appropriately be defined.

2. X is an example of A, because the object from A U B that is most easily
transformed to X belongs to A. In this case similarity relies on the effort
of transformation. This may be more appropriate if structures need to be
compared. The decision, however, still depends on a single object. The entire
sets or classes simply store examples that may be used when other objects
have to be classified.

3. X is an example of A, because it can more easily be generated by trans-
forming the prototype of set A than by transforming the prototype of set B.
The prototype of a set may be defined as the (hypothetical) object that can
most easily be transformed into any of the objects of the set. In this assign-
ment rule (as well as in the rule above) the definition of transformation is
universal, i.e. independent of the considered class.

4. X is an example of A, because it can more easily be transformed from a (hy-
pothetical) prototype object by the transformations T4 that are used to
generate the set A than by the transformations Tp that are used to gen-
erate the set B. Note that we now allow that the sets are generated from
possibly the same prototype, but by using different transformations. These
are derived (learnt) from the sets of examples. The transformations T 4 and
Tp may be learnt from a training set.

There is a strong resemblance with the statistical class descriptions: classes may
differ by their means as well as by the shape of their distributions. A very
important difference, however, between structural and statistical inference is
that for an additional example that is identical to a previous one changes the
class distribution, but not the (minimal) set of necessary transformations.

This set of assignment rules can easily be modified or enlarged. We like to em-
phasize, however, that the natural way of comparing objects, i.e. by accounting for
their similarity, may be defined as the effort of transforming one structure into an-
other. Moreover, the set of possible transformations may differ from class to class.
In addition, classes may have the same or different prototypes. E.g. a sphere can
be considered as a basic prototype both for apples as well as for pears. In general,
classes may differ by their prototypes and/or by their set of transformations.

What has been called easiness in transformation can be captured by a measur-
able cost, which is an example of a similarity measure. It is, thereby, related to the
proximity approaches, described above. Proximity representations are naturally
suitable for structural inference. What is different, however, is the use of statis-
tical classifiers in embedded and proximity spaces. In particular, the embedding
approach has to be redefined for structural inference as it makes use of averages
and the minimization of an expected error, both statistical concepts. Also the use
of statistical classifiers in these spaces conflicts with structural inference. In fact,
they should be replaced by domain-based classifiers. The discussed topological ap-
proach, on the other hand, fits to the concept of structural inference.

The idea that transformations may be class-dependent has not been worked
out by us in the proximity-based approach. There is, however, not a fundamental
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objection against the possibility to attribute set of objects, or even individual
objects in the training set with their own proximity measure. This will very likely
lead to non-Euclidean data, but we have shown ways how to handle them. What
is not studied is how to optimize proximity measures (structure transformations)
over the training data. A possibility might be to normalize for differences in class
structure by adapting the proximity measures that determined these structures.

There is, however, an important aspect of learning from structures that cannot
currently be covered by domain-based classifiers built for a proximity represen-
tation. Structures can be considered as assemblies of more primitive structures,
similarly as a house is built from bricks. These primitives may have a finite
size, or may also be infinitesimally small. The corresponding transformations
from one structure into another become thereby continuous. In particular, we
are interested in such transformations as they may constitute the compactness
of classes on which a realistic set of pattern recognition problems can be defined.
It may be economical to allow for locally-defined functions in order to derive (or
learn) transformations between objects. For instance, while comparing dogs and
wolves, or while describing these groups separately, other transformations may
be of interest for the description of ears then for the tails. Such a decomposition
of transformations is not possible in the current proximity framework, as it starts
with relations between entire objects. A further research is needed.

The automatic detection of parts of objects where different transformations
may be useful for the discrimination (or a continuous varying transformation
over the object) seems very challenging, as the characteristics inside an object
are ill-defined as long as classes are not fully established during training. Some
attempts in this direction have been made by Paclik [29/30] when he tries to
learn the proximity measure from a training set.

In summary, we see three ways to link structural object descriptions to the
proximity representation:

— Finding or generating prototypical objects that can easily be transformed
into the given training set. They will be used in the representation set.

— Determining specific proximity measures for individual objects or for groups
of objects.

— Learning locally dependent (inside the object) proximity measures.

6 Discussion and Conclusions

In this paper, we presented a discussion of the possibilities of structural inference
as opposed to statistical inference. By using the structural properties of objects
and classes of a given set of examples, knowledge such as class labels is inferred
for new objects. Structural and statistical inference are based on different as-
sumptions with respect to the set of examples needed for training and for the
object representation. In a statistical approach, the training set has to be rep-
resentative for the class distributions as the classifiers have to assign objects to
the most probable class. In a structural approach, classes may be assumed to be
separable. As a consequence, domain-based classifiers may be used [1824]. Such
classifiers, which are mainly still under development, do not need training sets
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that are representative for the class distributions, but which are representative
for the class domains. This is greatly advantageous as these domains are usually
stable with respect to changes in the context of application. Training sets may
thereby be collected by a selective, instead of unselective sampling.

The below table summarizes the main differences between representations
based on features (F), proximities (P) and structures (S) for the statistical and
structural inference.

Statistical inference Structural inference

Features reduce; statistical inference The structural information is lost by
F | is almost obligatory. representing the aspects of objects by
vectors and/or due to the reduction.

Proximity representations can be Transformations between the
derived by comparing pairs of objects | structures of objects may be used to
p (e.g. initially described by features build proximity representations.
or structures). Statistical classifiers Classes of objects should be separated
are built in proximity spaces or in by domain-based classifiers.
(pseudo-Euclidean) embedded spaces.
Statistical learning is only possible Transformations might be learnt by
g if a representation vector space is built| using a domain-based approach that

(by features or proximities), in which | transforms one object into another
density functions can be defined. in an economical way.

This paper summarizes the possibilities of structural inference. In particular,
the possibilities of the proximity representation are emphasized, provided that
domain-based learning procedures follow. More advanced approaches, making
a better usage of the structure of individual objects have to be studied further.
They may be based on the generation of prototypes or on trained, possibly local
transformations, which will separate object classes better. Such transformations
can be used to define proximity measures, which will be further used to construct
a proximity representation. Representations may have to be directly built on
the topology derived from object neighborhoods. These neighborhoods are con-
structed by relating transformations to proximities. The corresponding dissimi-
larity measures will be non-Euclidean, in general. Consequently, non-Euclidean
topology has to be studied to proceed in this direction fundamentally.
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Abstract. This paper describes a new aerial images segmentation algorithm.
The algorithm is based upon the knowledge of image multi-scale geometric
analysis which can capture the image’s intrinsic geometrical structure effi-
ciently. The Contourlet transform is selected to represent the maximum infor-
mation of the image and obtain the rotation invariant features of the image. A
modified Mumford-Shah model is built to segment the aerial image by a
necessary level set evolution. To avoid possible local minima in the level set
evolution, we control the value of weight numbers of features in different
evolution periods in this algorithm, instead of using the classical technique
which evolve in a multi-scale fashion.

1 Introduction

Nowadays, with the development of sensor technology, the resolution of remotely
sensed images has become higher, with more information being contained than before.
Consequently, many remotely sensed image processing algorithms have appeared. Most
of them are focused on the segmentation or classification of man-made objects.

The two main methods in the study of man-made object segmentation are: model-
based algorithms and feature-based algorithms.

Model-based algorithms include the works of Jia Lit! s A.L.Reno'” T .L.Solka"
etc. These algorithms can segment man-made objects precisely. However, it is very
difficult to build a precise estimation model due to the complexity of remotely sensed
images. Moreover, the computation of the estimated parameters of the model is
inevitably complex and time-consuming.

Feature-based algorithms include the works of Mark.J Carlotto™ , Stephen Levit
etc. These initial studies consider the low level features of the image. Recent studies
integrate high level analysis of the features of color, texture, height and so on.

The remotely sensed images segmentation methodology proposed in this paper is
based on the knowledge of image multi-scale geometric analysis, which can extract
the features of the image efficiently. How to obtain the rotation invariant features is
described in the paper. In order to classify the remotely sensed images, a modified
Mumford-Shah model is introduced to integrate the rotation invariant features, while
the level set method is responsible for the image evolution.

[4] !
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This paper is organized as follows: Section 2 introduces the Contourlet transform
and the feature extraction method which is based on the knowledge of image multi-
scale geometric analysis. Section 3 introduces the modified Mumford-Shah model.
Section 4 elaborates on the new aerial images segmentation algorithm. The outputs of
experiments are presented and illuminated in Section 5 and the conclusions of the
paper are listed in Section 6.

2 Feature Extraction Based on Image Multiscale Geometric
Analysis

2.1 Image Multi-scale Geometric Analysis and Contourlet Transform

The wavelet transform is widely used in many fields, but it still has some limitations.
E.J.Candés '° indicates that wavelets provide a very sparse representation for
piecewise smooth 1-D signals but fail to do so for multi-dimensioned signals. Minh
N. Do’ compared 2-D separable wavelet transform with multi-scale geometric
analysis. As we find in the Fig.1: Multi-scale geometric analysis is more efficient than
wavelet transform because of those elongated shapes and multiple directions along the
contour.

In 2003, Minh N.Do introduced the contourlet transform™ which can be regarded
as a discrete version of the curvelet transform. It solved most of the problems that the
curvelet transform had met with, but it still has a redundancy ratio of about 33%.
Although the crisp-contourlets'” were later generated to reduce the redundancy ratio,
DFB!"" applications still exists in the low-frequency component. Truong T. Nguyen
and Soontorn Oraintara'"! developed the theory of multi-resolution DFB which can
be uniformly and maximally decimated. They introduced the uniform DFB(uDFB)
and the non-uniform DFB(nuDFB) in their paper .

In this paper, the contourlet transform is efficient enough to extract the features of
the remotely sensed image since the features of aerial Images are mainly concentrated
in the middle and high frequency component. The contourlet transform is briefly
described as Fig.2.

The contourlet transform consists of the Laplacian pyramid and the DFB. The
union can be described as pyramidal DFB(PDFB). In each scale decomposition, the

g

4
image
Wavelet New scheme
Fig. 1. Wavelet transform versus the Fig. 2.The contoulet filter bank'”

new scheme!”’
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Laplacian pyramid separates the low-frequency component from the rest of the
components, and then the DFB is applied to the rest.

2.2 The Extraction of Rotation Invariant Features

The features of aerial Images are mainly concentrated in the middle and high fre-
quency components, while the low-frequency components usually contain the gray
scale information. So we only need extract the features of the middle and high
frequency components which we are interested in. The contourlet transform can meet
our needs and avoid the complexities of the DFB brought upon by the uDFB and
nuDFB!"").

Manesh Kokare!'? proposed a new rotationally invariant feature extraction method,
in which the images are decomposed into different sub-bands by DT-CWT and DT-
RCWEF, then the final rotation invariant wavelet features are obtained from those sub-
bands. Referring to Manesh Kokare’s method, the rotation invariant contourlet
features can be extracted as follows:

To calculate the features of a certain point in a remotely sensed image, we select a
block with a size of16x16 or 32x32, with a certain point in the center of the block.
Then, we decompose this block into three levels by the contourlet transform. As to the
first two levels of contourlet decompositions, we use a three levels DFB
decomposition to get an eight-directional frequency partitioning for each level; as to
the final contourlet decomposition, the wavelet transform is used to obtain 4 different
sub-bands. In the end, the targeted block is decomposed into 20 sub-bands, just as
Fig 3 shows.

Then the rotation invariant contourlet features in each level can be calculated,

supposing that j denotes jth level, the size of sub-band Wj is mXn, the feature of

wj. is calculated as follows:

1 N M )
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Where E[.j is the energy of W; , O J is the standard deviation of Wj , ,u,.j is the mean

of w; , xl.j (1,k) is the coefficients of w; located in (/,k).

While the level j equal 1 or 2, the rotation invariant features is given by (4), while
the level j equal 3, the rotation invariant features is given by (5).
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Fig. 3. Frequency partition of the three levels decompositions

The final six dimension rotation invariant features is given by

(K, 0 0 0 0 0]
0 K, 0 0 0 0
feature =|E, E, E, o, o, o]e 0 0 K 0 00 (6)
: 0 0 0 K, 0 0
0 0 0 0 K 0
(0 0 0 0 0 K

Where K, ~ K, are weight numbers.

3 Mumford-Shah Model and the Modification

The Mumford-Shah model'® is a commonly used model in image segmentation,
based on this Chan and Vese proposed a multi-phase level set framework!"* for image
segmentation. In the piecewise constant case, n phases can be represented by m level

set functions, where m= logzn . In this framework, there exist interactions between

each level set function, which will reduce the speed of evolution.
In order to speed up the aerial images segmentation algorithm, we still use n

instead of log,n level set functions to represent n phases. This method avoids the
interaction between different level set functions. However, it has brought about new
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problems, such as vacuum or overlapping points, which can be regarded as payment
for pursuing fast segment algorithm. After finishing the evolution, we need to classify
these points by a strategy that will be discussed in later chapters.

The active contour evolving method can combine other features besides the grey
level features. Jean-Francois Aujol, Gilles Aubert, and Laure Blanc-Féraud!"’
presented a supervised classification model based upon a variational approach. The
wavelet features are taken into consideration in this model. Cao Guo''® proposed a
simplified Mumford-Shah model in which the features of fractal error metric and the
DCT coefficients of texture edges are considered.

In the situation of supervised classification that the mean values of each region are
pre-known, we can obtain the jth energy function as follows:

F(C e, )=u-Length (C)+ 4, - [ dxdy +

inside

(C)‘ feature — feature

of

(N

—
A, .Lum (C)(‘ feature — feature bj‘ Ydxdy

Where feature are the six dimension features of point (x, y), featuregj denotes the

mean feature of the jth region, featurebj is a changing value decided by the

position (x,y) » feature , . is selected from one of the n pre-known mean values
J

except feature

Function(7) can be represented in another form as follows:
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Where ¢J. is the jth level set function.
The associated Euler-Lagrange equations to (8) give the following expression:
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To avoid possible local minima in the level set evolution, one classical technique is
to evolve in a multi-scale fashion!'”’. The evolution result from the lower resolution is
selected to be the initial contour of the next evolution in the higher resolution. Instead
of using the classical technique referred to above, we control the value of x ~ K,

in different evolution periods in this algorithm. In the beginning stages of the
resolution, the features of lower resolution are applied with bigger weight. When the

level set evolves into the more constant stages, the value of K, ~ K, changes to

ensure the features of higher resolution are applied with bigger weight. The changing
weighting numbers will lead the geodesic flow to the correct position not only in the
lower resolution but also in the higher resolution.

4 Description of the Aerial Images Segment algorithm
The aerial image segmentation algorithm proposed in this paper is a supervised
method. The procedure of segmentation can be described as follows:

Step 1: First of all, select the representative sections of different classes from the
aerial image and save these sections into the list.
Step 2: Set the weighting numbers K, ~ K, to 1, then calculate the norm feature

feature,; of each section in the list. Calculate the feature feature(x,y) of every

point in the aerial image. Save feature, as feature, _sav and save feature

as feature _sav .

Step 3: Referring to Chan and Vese " initial closed curves in the aerial image
are given in this algorithm, just as Fig 4(b) shows.
Step 4: The parameters are initially set as: K, =K, =12, K,=K,=1.2,

K,=K,=0.6. Refresh the values of feature, and feature according to

feature . _sav and feature _sav. The curve begins to evolve as described in the

equation (9).
Step 5: When the difference between the two evolving steps is smaller than a pre-

defined threshold as 7, set the parameters as K, =K, =0.6, K, =K, =1.2,

K, =K, =1.2. Refresh the values of feature, and feature again. Keep on

the evolution.
Step 6: When the difference between two evolving steps is smaller than a pre-

defined threshold as 7T, , set the parameters as K, =K, =0.6, K, =K, =1,

K, =K, =1.4. Refresh the values of feature, and feature again. Keep on
the evolution.

Step 7: Update and evolve the level set function ¢ . and check whether the criterion of
termination is met or not. If the criterion of termination is met, the area inside the closed

curves is the area of the jth class object. Start the @ .41 evolution, repeat the steps of 4~7.
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Step 8: After all the level set functions evolution have finished, check the whole
image to find the vacuum or overlapped points. Calculate the mean features of these
points and their neighboring points. Classify these points to their nearest class in

terms of the calculated mean feature feature,, .

Step 9: According to the result of evolution, differentiate each region using
different colors.

5 Experiment Results and Discussion

In these experiments, the criterion of termination is met when the difference between
two evolving steps is smaller than a pre-defined threshold as 0.015 or the evolution

reach 20 times. Set the parameters as 1, =0.45, T, =0.15, /7.1 = /12 =0.2.

The original aerial image with a size of 495X 385 is shown in Fig 4(a), while the
initial closed curves in the aerial image are shown in Fig 4(b).

(b) © @ (o) ®

Fig. 4. The aerial image to be classified. (a) The aerial image. (b) Initial conditions. (c) ~(f)
Different represent regions, the positions of these regions are {(253,71),(307,167)},
{(353,252),(397,344)}, {(39,119),(83,167)} and {(111,44),(170,96)}, respectively, on rectangular
coordinates of the aerial image.

The supervised method is taken to segment this aerial image into four kinds of
regions, for which the selected representative regions are shown in Fig 4(c)~(f). The
segmentation results are shown in Fig 5.

Fig. 5. Segmentation results. (a) Result of evolution. (b) Differentiate each region using different
colors.
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The experiment results of segment aerial images with two and three classes are
illustrated in Fig. 6 and Fig. 7, respectively. Satisfying experiment results are
achieved by using the algorithm which is proposed in this paper.

More experiment results are shown as below:

(c)

Fig. 6. Aerial image to be classified. The aerial image. (b) Result of evolution. (c) Differentiate
each region by different colors.

(a) ()

Fig. 7. Aerial image to be classified. (a) The aerial image. (b) Result of evolution. (c) Differentiate
each region by different colors.

6 Conclusion

In this paper, a new supervised aerial images segmentation algorithm is presented. It
is built on the basis of the multi-phase Mumford-Shah model. The rotation invariant
contourlet features are obtained upon the knowledge of image multi-scale geometric
analysis. In order to achieve a fast aerial images segmentation speed, several level set
formulations are used to minimize the Mumford-Shah energy functions with contour-
let features constraints. The proposed method is proven to be effective by the results
of experiments.
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Abstract. A new approach to align an image of a textured object with
a given prototype under its monotone photometric and affine geomet-
ric transformations is experimentally compared to more conventional
registration algorithms. The approach is based on measuring similar-
ity between the image and prototype by Gibbs energy of characteristic
pairwise co-occurrences of the equalized image signals. After an initial
alignment, the affine transformation maximizing the energy is found by
gradient search. Experiments confirm that our approach results in more
robust registration than the search for the maximal mutual information
or similarity of scale-invariant local features.

1 Introduction

The goal of image registration is to co-align two or more images of the same or sim-
ilar objects acquired by different cameras, at different times, and from different
viewpoints. Thus the images have to be photometrically and geometrically trans-
formed in order to make them closely similar. Co-aligned images provide more com-
plete information about the object and allow for building adequate object models.

Registration is a must in many applications, e.g. medical imaging, automated
navigation, change detection in remote sensing, multichannel image restoration,
cartography, automatic quality control in industrial vision, and so on [1]. Feature
based registration relies on easily detectable local areal, linear, and point structures
in the images, e.g. water reservoirs and lakes [2], buildings [3], forests [4], urban ar-
eas [5], straight lines [6], specific contours [7], coast lines [8], rivers, or roads [9],
road crossings [10], centroids of water areas, or oil and gas pads [11]. In particular,
the scale invariant feature transform (SIFT) [12] can reliably determine a collec-
tion of point-wise correspondences between two images under the affine geometric
transformation and local contrast/offset photometric transformations. But these
methods work only with distinctive and non-repetitive local features.

Alternative area-based registration, e.g. the least square correlation obviates
the need for feature extraction due to direct matching of all image signals [13].

D.-Y. Yeung et al. (Eds.): SSPR&SPR 2006, LNCS 4109, pp. 65{73] 2006.
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However, the correlation assumes spatially uniform contrast/offset transforma-

tions and a central-symmetric pixel-wise noise with zero mean. As a result, it

frequently fails under non-uniform and spatially interdependent photometric trans-
formations caused by different sensors and varying illumination. Phase correlation
and spectral-domain (Fourier-Mellin transform based) methods [14] are less sensi-

tive to the correlated and frequency dependent noise and non-uniform time-variant

illumination but allow for only very limited geometric transformations.

Recent image registration by maximizing mutual information (MI) [15] pre-
sumes a most general type of photometric transformations, namely, any monotone
transformation of the corresponding signals in one of the images. The
similarity between two images is measured by the Kullback-Leibler divergence
of a joint empirical distribution of the corresponding signals from the joint
distribution of the independent signals. This approach performs the best with
multi-modal images [15] and thus is widely used in medical imaging. The joint
distribution is usually estimated using Parzen windows [16] or discrete his-
tograms [17]. But the MI is invariant also to some non-monotone photometric
transformations that change the images too much. The unduly extensive invari-
ance of the MI hinders the registration accuracy.

This paper considers one further area-based registration method assuming
that a textured object and its prototype have similar but not necessarily identical
visual appearance under affine geometric and monotone photometric transforma-
tions of the corresponding signals. The latter transformations are suppressed by
equializing both the prototype and the image area matched to it. The equalized
prototype is described with a characteristic set of Gibbs potentials estimated
from statistics of pairwise signal co-occurrences. The description implicitly con-
siders each image as a spatially homogeneous texture with the same statistics. In
contrast to more conventional area-based registration techniques, the similarities
between the statistics rather than pixel-to-pixel correspondences are involved.

2 MGRF Based Image Registration

Basic notation. Let Q = {0,...,Q — 1} R=[(z,y) : 2 =0,..., X — L,y =
0,...,Y—1] be a finite set of scalar image signals (e.g. gray levels) and a rectangu-
lar arithmetic lattice, respectively. The latter supports digital images g : R — Q,
and its arbitrary-shaped part R, C R supports a certain prototype of an object
of interest.

Let a finite set N = {(&,m),..., (&n,nn)} of (z,y)-coordinate offsets de-
fine neighbors {((z + &,y +n),(x — &y —n)) : (§,m) € N} A R, interacting
with each pixel (z,y) € R,. The set N produces a neighborhood graph on R,
specifying translation invariant pairwise interactions. The latter are restricted
to n families C¢ , of second order cliques c¢ ,(z,y) = ((z,y),(x + &,y + 1)) of
the graph. Interaction strength in each family is specified with the Gibbs po-
tential function V;n = [Vem(q,4") : (¢.¢') € Q%] of the signal co-occurrences
in the clique. The total interaction strength is given by the potential vector

VT = ng 1 (&,n) € N} where T indicates the transposition.
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MGRF based appearance model. The monotone (order-preserving) trans-
formations of the image signals may occur due to different illumination or sen-
sor characteristics. To make the registration (almost) insensitive to these trans-
formations, both the prototype and conforming to it part of each image are
equalized using cumulative empirical probability distributions of their signals
on R,. In line with a generic MGRF model with multiple pairwise interac-
tion [18], the probability P(g) « exp(E(g)) of an object g aligned with the pro-
totype g° on R,, is proportional to the Gibbs energy E(g) = |R,|VTF(g) where
F'(g) = [pg,nFZn(g) : (€,m) € N is the vector of the scaled empirical proba-

bility distributions of signal co-occurrences over each clique family; p¢ , = lfli’:ll

is the relative size of the family; F¢,(9) = [fen(a,d'|9) : (¢.¢') € Q*]T with

fen(q,d'lg) = Eﬁ—"'czq;# are the empirical probabilities of signal co-occurrences,

and C¢ 9,4/ (9) C Ce  is a subfamily of the cliques ¢¢ ,(z, y) supporting the same
co-occurrences (gz.y = ¢, Joté,ytn =¢') i g.

The co-occurrence distributions and the Gibbs energy for the object are deter-
mined over Ry, i.e. within the prototype boundary after an object is geometrically
transformed to be aligned with the prototype. To account for the transformation,
the initial image is resampled to the back-projected R, by interpolation.

The appearance model consists of the neighborhood N and the potential V
to be learned from the prototype. The approximate MLE of V is proportional to
the scaled centered empirical co-occurrence distributions for the prototype [18]:

1
Ven = Mg (Feals") - 50 ) € N
where U is the vector with unit components. The common scaling factor A is also
computed analytically; it is approximately equal to @2 if Q > 1 and pen =1
for all (£,n) € N. In our case it can be set to A = 1 because the registration
needs only relative potential values and energies.

Learning the characteristic neighbors. To find the characteristic neighbor-
hood set NV, the top relative energies E¢ ,,(9°) = pg’an’emFgm(go) for the clique
families, i.e. the scaled variances of the corresponding empirical co-occurrence
distributions, have to be separated for a large number of low-energy candidates.

Fig. 1. Zebra prototype (a) and the relative interaction energies (b) for the clique
families in function of the offsets (£,7)
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Figure 1 shows a zebra prototype and its Gibbs energies E¢ ,,(¢°) for the 5,100
clique families with the inter-pixel offsets || < 50; 0 < n < 50.

To automatically select the characteristic neighbors, let us consider an em-
pirical probability distribution of the energies as a mixture of a large “non-
characteristic” low-energy component and a considerably smaller characteristic
high-energy component: P(E) = mP,(E) + (1 — m)Pyi(E). Because both the
components P,(E), Py;(F) can be of arbitrary shapes, we closely approximate
them with linear combinations of positive and negative Gaussians. For both the
approximation and the estimation of 7, we use the efficient EM-based algorithms
introduced in [19].

The intersection of the approximated low- and high-energy distributions gives
an energy threshold 6 for selecting the characteristic neighborhood N = {(¢, ) :
E¢ . (g°) > 0}, that is, the threshold solves the equation P;() = P, (0)7/(1—).
The above example results in the threshold 8 = 28 producing the 168 characteris-
tic neighbors shown in Fig. 2 together with the corresponding relative pixel-wise
energies e, ,(g°) over the prototype:

ery(9°) = Z Ven (92,0 Gate.ytn)
(EmeN

Appearance-based registration. Let g, denote a part of the object image
reduced to R, by the affine transformation a = [a11, ..., a23]: ¢’ = a1+ a2y +
a13; Y = ao1T + agey + asz. To align with the prototype, the object g should be

(a) (b)

Fig. 2. Characteristic 168 neighbors among the 5100 candidates (a; in white) and the
gray-coded relative pixel-wise Gibbs energies (b) for the prototype under the estimated
neighborhood

Fig. 3. Gibbs energies for the object’s translations (a) with respect to the prototype
and the resulting initial relative position of the object
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affinely transformed to (locally) maximize its relative energy E(ga) = VT F(ga)
under the learned appearance model [N, V].

The initial transformation is a pure translation with ay; = age = 1; a1 =
as1 = 0, ensuring the most “energetic” overlap between the object and prototype.
The energy for the different translations (ai3, as3) of the object relative to the
prototype and the chosen initial position (ajs, a3s) maximizes this energy are
shown in Fig. 3.

Then the gradient search for the local energy maximum closest to the initial point
in the affine parameter space selects the six parameters a. Figure 4 (a) illustrates
the final alignment by back-projecting the prototype’s contour to the object.

3 Experimental Results and Conclusions

Experiments have been conducted with several types of images. Below we discuss
results obtained for zebra images available on the Internet (they include both
artificial collages and natural photos) and for natural medical images such as
dynamic contrast enhanced magnetic resonance imaging (DCE-MRI) of human
kidneys and low dose computed tomography (LDCT) images of human lungs.
These image types are commonly perceived as difficult for both the area- and
feature-based registration. The like results have been obtained for other images
of complex textured objects, e.g. starfish images available on the Internet and
MRI of human brain. In total, we used in these experiments 24 zebra, 40 starfish,
200 kidney, 200 lungs, and 150 brain images.

We compared our approach to three popular conventional techniques, namely,
to the area-based registration using the MI [15] or the normalized MI [17] and
to the feature-based registration by establishing inter-image correspondences
with the SIFT [12]. Results for the above zebra image are shown in Fig. 4.
The SIFT-based alignment fails because the SIFT could not establish accurate
correspondences between the similar zebra stripes (see Fig. 5).

Fig. 5. Corresponding points by SIFT
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10 20 30 40

Fig. 6. Gibbs energy, MI, and NMI values at the successive steps of the gradient search

The lower accuracy of the MI- and NMI-based alignment comparing to our ap-
proach can stem from a notably different behavior of the MI / NMI and the Gibbs
energy values in the space of the affine parameters. Figure 6 presents these values
for the affine parameters that appear at successive steps of the gradient search for
the maximum energy. Both the MI and NMI have many local maxima that poten-
tially hinder the search, whereas the energy is close to unimodal in this case.

In the above example the object aligned with the prototype differed mainly
by its orientation and scale. Figure 7 shows more diverse zebra objects and
results of their Markov-Gibbs appearance-based and MI-based alignment with
the prototype in Fig. 1(a). The results are illustrated by the back-projection of
the prototype contour onto the objects. Visually, these results suggest that our
approach has the better performance. To quantitatively evaluate the registration
accuracy, the manually segmented masks of the co-aligned objects are averaged
in Fig. 8. The common matching area for our approach (91.6%) is considerably
larger than for the MI-based registration (70.3%).

Fig. 7. Original zebras (a) aligned with our (b) and the MI-based (c) approach
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- (a) (b)

Fig. 8. Overlap between the object masks aligned with our (a; 91.6%) and the MI-based

approaches (b; 70.3%)

N

Fig. 9. Kidney image (a) and relative interaction energies (b) for the clique families in
function of the offsets (n,§)

- (a) . (b)

Fig.10. (a) Most characteristic 76 neighbors among the 5,100 candidates (a; in white)
and the pixel-wise Gibbs energies (b) for the prototype under the estimated neighborhood

Fig. 11. Initialization (a) and our (b), the MI- (c), and the SIFT-based (d) registration

Similar results obtained for the kidney images are shown in Figs. 9-13: the
common matching area 90.2% is for our approach vs. 62.6% for the MI-based one.
Therefore, image registration based on our Markov-Gibbs appearance model is
more robust and accurate than popular conventional algorithms. Due to reduced
variations between the co-aligned objects, it results in more accurate average
shape models that are useful, e.g. in image segmentation based on shape priors.
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Fig. 12. Original kidneys (a) aligned with our (b) and the MI-based (c) approach

(a) (b)

Fig. 13. Overlap between the object masks aligned with our (a; 90.2%) and the MI-
based (b; 62.6%) approach
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Abstract. In this paper a fully automatic method is presented for extracting
blood vessel structures in poor quality coronary angiograms. The method ex-
tracts blood vessels by exploiting the spatial coherence in the image. Accurate
sampling of a blood vessel requires a background elimination technique. A cir-
cular sampling technique is employed to exploit the coherence. This circular
sampling technique is also applied to determine the distribution of intersection
lengths between the circles and blood vessels at various threshold depths. After
this sampling process, disconnected parts to the centered object are eliminated,
and then the distribution of the intersection length is examined to make the
decision about whether the point is on the blood vessel. To produce the final
segmented image, mis-segmented noisy parts and discontinuous parts are elimi-
nated by using angle couples and circular filtering techniques. The performance
of the method is examined on various poor quality X-ray angiogram images.

1 Introduction

To exploit blood vessels of human body, several medical imaging techniques such as
X-ray, Computed Tomography (CT), and Magnetic Resonance (MR) are used. Ex-
traction of blood vessels in a medical image with lack of contrast pose, drift in image
intensity and noisy signal is a significant challenge in medical imaging. Automated
systems and high processing throughput are needed in computationally intensive tasks
including visualization of coronary blood flow and three-dimensional reconstruction
of vascular structure from biplane medical images [1], [2], [3], [4], [5]. Previously
developed methods for blood vessel segmentation in medical images are limited by at
least one of the following drawbacks. Firstly, these methods may be applicable for
limited morphologies. Secondly, user involvement is needed to select the region of
interest. Thirdly, lack of adaptive capabilities may result in poor quality of segmenta-
tion under varying image condition. Lastly, blood vessel segmentation process
requires a large computational effort [6], [7], [8], [9], [10]. These blood vessel seg-
mentation techniques may be classified under following titles; pattern recognition,
model based, tracking and propagation, neural network, and artificial intelligent based
techniques [11], [12], [13], [14], [15].

In this paper, a method is presented to segment coronary artiograms in a medical
image. This proposed method generates a complete segmentation of vessels in a medi-
cal image without user intervention. The method can handle complex structures such

D.-Y. Yeung et al. (Eds.): SSPR&SPR 2006, LNCS 4109, pp. 74—, 2006.
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as sharp curved, branched vessels, and vessels with varying length on a noisy and
changing background. The method firstly fitters, and then extracts the background
image of a medical image. Secondly, intersections between sampling circles and sam-
pled blood vessel are determined to calculate the intersection distribution. The domi-
nant intersections are checked to segment the vessel structure in the medical image.
Finally, a circular filtering technique is used to remove small noisy fragments on the
image. In Section 2, the proposed segmentation method is described. The perform-
ance of the method is examined on real images in various qualities. The results
are given in Section 3 and finally the conclusions and future work are discussed in
Section 4.

2 Description of the Segmentation Method

The proposed segmentation method exploits the spatial coherence existing in a medi-
cal image by considering neighboring pixels around the current one being processed.
Therefore, the effect of local discontinuities and disorder are tolerated, and recogni-
tion of normal and distorted blood vessels in a noisy image is improved on fully
automatic segmentation. The basic steps in automatic coronary segmentation are (1)
filtering and extracting whole background image, (2) eliminating the pixel under the
background threshold depth, applying the circular sampling to the pixels that are not
eliminated in the previous step and applying proper Bezier spline to make more
smoother samples along the scan-line in the circular sample, (3) eliminating the noisy
and non-vessel parts by using angle couples at several levels over the threshold depth,
(4) separating the disconnected parts from the sample, (5) determination of the blood
vessel and circle intersections at several levels over the threshold depth, (6) calculat-
ing the intersection distributions and dominant intersection lengths, and then segment-
ing the image, and (7) finally circular filtering of whole image.

2.1 Eliminating the Background Effect

The background in a medical image affects the segmentation of the blood vessel in
the image negatively. If the background is not eliminated correctly, the circular sam-
pling technique will mis-sample the object. Therefore, a technique is needed to
prevent this background effect. Here, the sampling circle gets larger so does the scan-
lines then, mis-sampling occurs as illustrated in Fig. 1.a and b. Elimination of this
effect is very important to produce a correctly segmented image. The elimination
process is shown in Fig. 1.c and d. The background effect elimination approach de-
scribed here uses an averaging technique that calculates the average intensity within
the region of interests with a dimension of [(2N+1)x(2N+1)]. The centre point of this
region is at current pixel point (m,n). The average X is given by Equation (1). The
standard deviation of pixels in the region is given by Equation (2). Finally, threshold
depth is calculated by using equation (3).

)?(m,n)z[i S 1 + k. j + OVQN +17. (1)

k=—N (=
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O'(m,n)z\/{ [i i( Im+kn+)-Xmm) QN+’ } . @)
k=N (=—N
T=1,,, ~{Xpyss, —Vom-Lna+10-)omn)l} . (3

Where T is the depth of background threshold and I(m,n) is the intensity value of the
current pixel. The parameters ¥ and & in Equation (3) are experimentally deter-

mined as 0.25 and 0.75, respectively.
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Fig. 1. Sampling along the circular scan-line (a) without (c) with background effect elimination,
and corresponding binary classifications (b) and (d)

Accurate choice of the length of the averaging area is important. A large averaging
area flattens the background whereas small averaging area does not cover enough
background information. To eliminate most of the non-vessel-like structures, the
background threshold depths are calculated at each pixel by Equation (3). This thresh-
old depth is not used to produce final segmented image. It is used to make a pre-
classification to eliminate the pixels, which are not a part of a blood vessel.

2.2 Circular Sampling Technique and Eliminating Non-vessel and Nosily Areas

The circular sampling technique samples a structure around a sampling point by ex-
tending the sampling circles spatially. Thus, it enables the segmentation process to
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Fig. 2. (a) Circular sampling, (b) the intensity along a scan line of a circle, (c) distribution of
intersection lengths of a circle and blood vessel, (d) circular sampling at a certain background
threshold depth on a flat background and (e) removing the disconnected parts

exploit the spatial coherence that exists in the vessel structures on an angiogram.
Here, the points around the sampling point on the image are sampled at a certain
threshold depth related to the background level by using the circular sampler in Fig. 2.
After the circular sampling, some noisy structures can be mis-segmented because
random distribution of intersections could be concentrated at some lengths. Here, the
Bezier spline is used to filter the samples along each scan line as illustrated in the Fig.
2.b. In order to reduce the number of the mis-segmentations, a technique illustrated in
the figure, is employed. Here, these noisy structures are removed by counting the
angle couples. The angle couples along the sampling circle’s scan-line are calculated
at the current pixel by accounting the several neighboring pixel intensities in the scan-
line. Slope of each line producing the angle couples must be over a threshold degree
(for example 45%). These angle couples are calculated on each circular scan lines for
each pixel after the agiogram is sampled, as illustrated in Fig. 2.a. A typical circular
scan line with the angle couples is illustrated in Fig. 2.b. The number of angle couples
is used to eliminate the noisy pixels. A pixel may be considered as non-vessel when
the number of the angle couples for the current pixel is less than 4. If the number of
the angle couples is far more than expected (such as 50), the pixel is classified as
noisy.
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2.3 Separating the Disconnected Parts from the Sample of Interest
and Calculating the Distribution of Intersection Lengths

After a blood vessel on the image is sampled at various background depths, as illus-
trated in Fig. 2.d, the disconnected parts in the sampling scope are removed as shown
in Fig. 2.e. Separating noisy or disconnected part from the sampled vessel slice is
important because the parts may cause the generation of wrong segmentation results.
The centre of each sampling point should be positioned on blood vessel so that
enlarging sampling circles from the centre are used to eliminate the parts that are not a
part of a blood vessel. Firstly each sample point along the scan-lines of the circles is
pre-classified by using a binary classifier. If a sampling point along a scan-line of a
circle is pre-classified as a part of a vessel that has no connection to the centre, the
sample should be signed as background. This enables us to determine the circle
and blood vessel intersection length distribution correctly. Therefore, only the con-
sidered blood vessel is accounted and other misclassified parts in the focused area are
eliminated.

After the separation of the disconnected parts the circle blood vessel intersection
lengths are accumulated according to the lengths. When a pixel is tested to determine
whether it is on a blood vessel or not, it is expected that the accumulation distribution
should be concentrated around a certain length. A sliding accumulation function is
used to calculate this accumulation value. Width and weight parameters of the func-
tion vary according to the length of the blood vessels. If the blood vessel is narrow,
the width of the function is narrow. When blood vessel’s length gets larger, the circle-
vessel intersection length distribution spreads as shown in Fig. 2.c. To produce
the distribution of intersection lengths, the intersection lengths are accumulated by
Equation (4).

{DD)=DWD)+1},,,. - 4)

were, D(I) represents the circles and blood vessel intersection accumulation distribu-
tion array, and {} 1(m.my Tepresents the current depth and pixel. This accumulation

process is done at several background threshold values depending on the deviation of
the intensity around the current pixel.

This distribution function has also to be normalized according to the length of the
intersection because more intersection occurs for narrow blood vessels than wide
blood vessels. Finally, the measured length accumulation density value is over a cer-
tain threshold, the pixel is considered as blood vessel.

2.4 Decision Criteria and Threshold

The distribution of the intersection lengths, the peak values of the dominant intersec-
tions, and the relative values (to all intersections) of these dominant intersections are
very important to determine a correct decision threshold value. Equation (5) is used to
calculate the dominant or the maximum circle blood vessel intersections,

where M, {D((),,,,,} represents the strength of the dominant intersection length

along the intersection accumulation array, a(f) is the weighting array used to calcu-
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late the dominant intersections. Equation (6) is used to make decision about whether
the current pixel is on a blood vessel or not. Then, the equation is used to segment the

image and S 1(m.y Tepresents the segmentation result. If the density is less than

the bottom threshold T, the pixel is considered as background. If the density is above
the upper threshold T,, the pixel signed as artery. If the density is in between these
two thresholds, then second decision rule is applied for the correct segmentation. We
experimentally found that choosing T, and T, as 8.5 and 12, respectfully, yields satis-
factory results.

M
M D)} ={ D a(O)Ak +0) 1,y } - M <k <Max_Length. (5)
/=

-M
Background if M AD),m} <T,

S mmy =1 Undecided it T, <M A{D),,..,} <T, . (6)
Artery if M D)} >T,

The second decision rule checks the normalized second and third peak intersection
in the distribution to make a more precise decision. If these peak intersections (rela-
tive to their intersection length) on the same branch of the vessel from the current
centre are not evident and if the density is larger than a threshold value, the pixel
signed as artery.

2.4 Circular Filtering

Generally, the vessels in a medical image are continuous and long structures. On the
other hand, sometimes background and noisy structures could be detected as vessel
structures even though they are more often discontinuous and short vessel like struc-
tures rather than long and continuous vessel structures. These mis-segmented parts are
removed from the final image by using the circular filtering technique. Here, all pixels
signed as blood at the previous stage are taken for further examination. The center of
the circle is positioned at the current pixel to be examined, and then, the radius of the
circle is increased to test whether the segmented structure is a small discontinuous
part or not. If there was no pixel signed as a vessel along the enlarging circles’ scan
line, the pixel is considered as a non-blood vessel and set to background.

2.5 Fast Segmentation

Full resolution segmentation produces a better quality segmented images but it is
more expensive than the half, quarter or fast segmentation. To accelerate the segmen-
tation process, fewer pixels than full resolution calculation can be visited during the
segmentation of images. Three approaches can be applied to speed-up the segmenta-
tion process. The first way (half segmentation) of doing this is that the image can be
processed at every other pixel (or more) on vertical and horizontal lines. The second
approach (quarter segmentation) processes every fourth pixel along the horizontal and
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vertical scan lines. Then, neighboring pixels are signed by using a simple decision
rule such as background threshold depth decision rule. Although this approach is quite
fast, it produces poor quality segmentation results, especially for the thin blood ves-
sels. The third way (fast segmentation) of speeding-up the segmentation process is to
apply the whole decision processes to the neighboring pixels of a pixel segmented as
blood vessel by using half segmentation approach.

3 Results

The performance of the method is tested on several real images with several difficul-
ties. In the first experiment, the accuracy of the method on poor quality contrast
angiogram image was evaluated. The Fig. 3.a show a low contrast image and

Fig. 3. (a) A poor quality angiogram and its segmented image, and (b) an angiogram image
with many branches and its segmented image

Fig. 4. (a) Noise added complex angiogram images and their segmented images and (b) Two
other noise added complex angiogram images and their segmented images
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corresponding segmented image, respectively. The performance of this method at the
side of the blood vessel is slightly low but whole blood vessel is successfully ex-
tracted and tracked.

In the second experiment, the ability of the method was tested to extract branching
arteries in a complex angiogram. Fig. 3.b shows an artery with many branches on
varying background. The corresponding segmented images are also shown in Fig. 3.b.
As seen from the result, the method successfully follows the branched arteries. The
aim of the final experiment is to test accuracy of the method for several noise levels.
For this purpose, two different images were selected. Fig. 4.a and Fig. 4.b (first and
third images on the first and second lines) show noise added real images. Here, se-
lected noise levels are 5, 20, 5, and 30 grey levels, respectively. Fig. 4.a and Fig. 4.b
(second and fourth images on the first and second lines) show the corresponding seg-
mented images. The method results in slightly noisy vessel edges but the whole blood
vessel is successfully extracted and tracked. The results indicate that the proposed
method yields accurate results even in complex and too noisy images.

4 Conclusion and Discussion

In this work a blood vessel segmentation technique is applied to extract the structure
of the blood vessels in two-dimensional medical images. The technique exploits the
spatial coherency that exists in two-dimensional medical image and works on each
pixel on the image for extracting the structure of blood vessel. This fully automatic
technique is robust to noise, low contrast and varying background, and able to extract
vascular structures without human intervention. To eliminate small noisy parts and
fragments at the final image, a circular filtering technique is used and quality of seg-
mentation is improved. An elliptical filter may be considered as a future work to get
further improvement.

When these segmentation results are compared to the results of the other methods
such as the model based approach, this proposed method is quite successful in ex-
ploiting the whole vessel structure in a medical image except the branching areas and
some long vessel like structures. Thus, the proposed method may not be very success-
ful around the branching vessel area where the intersection length distribution gets
more complicated. On the other hand, long vessel like structure in medical image may
easily be excluded in other user intervened methods but the proposed method may not
be that successful.

The segmentation method was run on P4-3.2 GHz PC. The segmentation durations
for the poor quality image (300x220 pixels) is given in Fig. 3.a are about 73.2, 18.9,
10.1, and 34.5 seconds for full, half, quarter, fast resolution segmentation respec-
tively. Typical durations for an image with dimension of 600x700 pixels (Fig. 3.b) is
about 169.6, 43.4, 22.1 and 78.7 seconds for full, half, quarter and fast resolution
segmentation, respectively. The durations were computed for noise added real images.
The segmentation durations of noisy images (550x330 pixels) shown in Fig. 4.b
are162.0 and 51.6 seconds, respectively, whereas those of the corresponding original
images are 148.3 and 45.3 seconds.
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Abstract. This paper considers the feature space of DT-MRI as a differ-
ential manifold with an affine-invariant metric. We generalise Di Zenzo’s
structure tensor to tensor-valued images for edge detection. To improve
the quality of the edges, we develop a generalised Perona-Malik method
for smoothing tensor images. We demonstrate our algorithm on both
synthetic and real DT-MRI data.

1 Introduction

Diffusion tensor magnetic resonance imaging (DT-MRI) [I] endows each voxel
a 3 x 3 symmetric positive-definite matrix, which measures the anisotropic be-
haviour of water diffusion in the white matter of the brain. The feature space
of ]?T—MRI data is no longer a linear space, but a curved convex half-cone in
R™ . Thus edge or interface [2] detection, which is important for segmentation
and registration, is more complicated than in scalar-valued or vector-valued im-
ages. In an attempt to overcome these difficulties Feddern et al [3] generalise
Di Zenzo’s [4] concept of structure tensors to tensor-valued images for level-
set motions. Using the same structure tensor, O’Donnell, et al [2] introduced
a more sophisticated gradient estimation method for DT-MRI edge detection.
The structure tensor used simply considers diffusion tensors as vectors in R™.
However, it neglects the constraints between components induced by symmetry
and positive-definiteness of the tensor.

In this paper we consider the space of diffusion tensors as a differential man-
ifold with an affine invariant metric. In this way we generalise the Di Zenzo’s
structure tensor to tensor-valued images. In order to reduce the influence of noise
and obtain a high quality edge detector, we show how to extend the Perona and
Malik [5] anisotropic diffusion method to tensor-valued images. To do this we
make use of the exponential map of the tensor data and use geodesic march-
ing. The idea of using a manifold of diffusion tensors, has been recently used
to analyse the principle geodesic modes [6] of tensor data and the segmenta-
tion of DT-MRI [7]. Pennec et al [§] has developed a framework for the analysis
of statistical data residing on manifolds, and has generalised the operations of
interpolation, isotropic and anisotropic regularisation for DT-MRI.

D.-Y. Yeung et al. (Eds.): SSPR&SPR 2006, LNCS 4109, pp. 83-01] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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2 Space of Diffusion Tensors

Let X(r) be the set of r x r real matrices and GL(r) be its subset of non-singular
matrices which is a Lie group. Recall that in X(r) the Euclidean inner product,
which is known as the Frobenius inner product, is defined as (A, B) . = tr(AT B),
where tr(-) denotes the trace and superscript 7' denotes the transpose.

For a matrix A whose eigen-decomposition is A = UDU7”, the exponential of
A is given by convergent series

oo
1
exp A= Z ﬁAk = Uexp(D)UT, (1)
k=0
and the inverse logarithm of A is given by

log A= — i % = Ulog(D)UT, (2)
k=1

where [ is the identity matrix.

Let S(r) be the space of r X r symmetric matrices and ST (r) be the space of
symmetric positive-definite matrices. Thus, the feature space M of DT-MRI is
identified with ST (3). Through the identity mapping

Y:PeST(r) — (011, 0i5), 1<j, i,j=1,..,1, (3)

ST (r) is isomorphic with an open subset U of the R™ where m = 1r(r+1). Thus
we could consider ST(r) as a m-dimensional differential manifold with (U, ) as
the coordinate system. At each point P € S*(r) the tangent space TpS™(r) is
equal to S(r). So a basis of TpS™(r) can be defined as

do; o By eSr), i<j, i,j=1,..,r, (4)

and
1ii if i=y
Eij = ()
Lj+ 1 if 047,
where 1;; means the r x r matrix with a 1 at element (4, j) and 0 elsewhere.

We can turn ST (r) into a Riemannian manifold by introducing a Riemannian
metric g at P

0 0 B 3
g<80--’ 80kl) :g(Eij’Ekl) = tr(P lEijP lEkl)‘ (6)
ij

This is the same as the positive-definite inner product used by [6I9IF] , i.e.,
(A,B)p = tr(P~'AP™'B), A,B € TpS*(r), which is invariant under group
actions of GL(r).
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Thus, for a smooth curve C' : [a,b] — ST(r) in S*(r), the length of C(t) can
be computed via the invariant metric

0= [ 100l = [ VE@HTTTP, g

which is also invariant under GL(r), i.e., C(t) — GC(t)GT, G € GL(r). The
distance between two points A, B € ST(r) is the infinum of lengths of curves
connecting them, i.e.,

d(z,y) = argénin {4(C) | Ca) = A,C(b) = B}. (8)

The curve satisfying this infinum condition is a geodesic. In ST (r) the geodesic
with initial point at I and tangent vector W € T;S*(r) given by exp(tW).
Using invariance under group action GL(r), an arbitrary geodesic I'(t) such
that I"(0) = P and I'"(0) = W is given by

Ipwy(t) = PEexp(tP~*WP~3)P3. (9)

Thus, the geodesic distance between two points A and B in S*(r) is

d(A,B) = |log(A™'B)||, =

where )\; are the eigenvalues of A7'B.

We can relate an open subset of the tangent space TpS™(r) to a local neigh-
bourhood of P in ST (r) using the exponential map Exp : 2 C TpST(r) —
S*(r), which is defined as Expp(W) = v(pw)(1). Geometrically, Expp(W) is a
point of S*(r) obtained by marking out a length equal to |W| commencing from
P, along a geodesic which passes through P with velocity equal to ﬁ From
Equation [@ it follows that

1

expp(W) = Prexp(P WP~ 2)P3. (11)

Since expp is a local diffeomorphism, it has an inverse map, the so-called loga-
rithmic map Logp : ST(r) — Bc(0) C TpS™(r) where Logp(yp,w)(t)) = tW.
Thus, for a point A near P it also follows

=

logp(A) = P2log(P~2 AP~ %)P (12)

3 Generalised Structure Tensor

For tensor-valued images, the image features live on a m-dimensional manifold
M = 5*(r), m = ir(r +1) (r=3 for DT-MRI), which we call the feature
space or feature manifold. An image is a map from a domain 2 to M, i.e.,
f:2€R"— M, where n = 2 for planar images and n = 3 for volume images.
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Drawing on ideas from Di Zenzo’s pioneering work [], we can generalise the
structure tensor to tensor-valued images. At each point © = (x1,...,2,) € 2
we wish to find the direction with maximal variations in the image. For two
points z = (21, ..., x,) and 2’ = (2}, ..., z},), the difference of vector image values
is the f(a’) — f(x). As the distance between the two points ||z’ — z|| becomes
infinitesimal, the local variation df of the image values is given by

df = Z dxz (13)

Then the square vector norm is
of of
Ydx;dx;, 14
oSS G g

where g—f is the directional derivative of f along z;. If we define h as h;; :=

g 5 ad If ,1,7 = 1,...,n, we have the following quadratic form

df? = da"hdx, where dx = (dzi,...,dz,)T. (15)

When m > n, we can consider an image f as a n-dimensional manifold H
embedded in M, ie., ® : H — M. Then %, 1 = 1,...,n is a basis of the
tangent space T, H at x. Thus, the quadratic form in Equation is the first
fundamental form of the manifold H [I0/4]. It also follows that h is the metric
tensor of H, which is symmetric and semi-positive definite. The quantity h is
sometimes called the structure tensor in image processing. We note that a similar
idea of considering an image as a surface embedded in a space-feature space has
been used in [I1] for scalar and color image smoothing.

For tensor-valued images, since the feature space is not Euclidean R™ but a
curved manifold M with Riemannian metric g, we can not calculate the metric
h of H directly. Since we have already investigated the space of M in Section 2
and introduced the metric g of M, we can overcome this problem by inducing
the metric tensor h of H from the embedding @ : H — M. Let x1, ..., z, be the
local coordinates of H, than the embedding map is

(1,‘1, ,$n> — {@1 = 0’11(3’,‘17 ...,J,‘"), 7¢k =

16
0 (X1 ey Tn)s oo, Py = Opp (@1, oy i) } (16)

where ¢ < j. Since the metric tensor A measures the element length of arc dsy
in H as

n n
dS%I = Z Z hpdxrda;. (17)
k=11=1
Similarly, for the metric tensor g on the manifold M we have

ds?\/f = zn: En:gijd@id@j. (18)

i=1 j=1
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The embedding @ is isometric, which means that the element length appearing
in Equation [[7 and [I§ are equal. Using the rule of change of coordinates d®; =

gf}i dxy, the induced Riemannian metric tensor h on H is
N~ OD; O,
hir = i 19
Kl ;;9;8% oz, (19)

The metric tensor (or structure tensor) h of H characterises the local geom-
etry of images. The maximum (or minimum) change of f is in the direction v
= (dx1,...,dr3), ||v|]| = 1 that maximizes or minimizes the quadratic form df?
in Equation [4l The maximum Ay and minimum A_ eigenvalues of the struc-
ture tensor h give the maximum and mininum rate of changs of f at a given
point. Their corresponding eigenvectors 6, ,60_ are the directions of maximum
and minimum changes.

For planar images where n = 2, A\, 6, are given by

A _ hiithoot/(hi11—h22)2+4h3,
== 2

(20)

01 = (2h1a, has — hiy & /(h11 — ha2)? + 4h3,)T.

When the image is scalar-valued, 0, = %, 0_ = %, Ay = ||VIH2,
A_ = 0. Thus, the gradient is always perpendicular to the edges for scalar
images because A_ = 0. However, for multi-valued images, such as color images
and tensor-valued images, we also need to consider the minimum rate of change
A_. It is the values of A, together with A_ that discriminate different local
geometries. If Ay &~ A_ = 0, the image changes at an equal rate in all directions,
so the image surface is almost flat at this point. Thus there are no edges or
corners here. If A = A_ >> 0, there is a saddle point of the image surface,
and the corresponding point is a corner. If Ay >> A_, there is step and the
corresponding point is an edge. Let N be the gradient norm used to detect
edges and corners in images. Three different combinations exist in the literature
[12], i.e., Ny = Ay [10], No = /Ay — A [13], and N3 = /Ay + A_ = /tr(h)
[T4UT5)T6]. The combination N7 neglects A_, and thus is the case in gray-scale
images. The combination N2 can not detect corners where A ~ A_ >> 0. The
combination N3 can be used to detect both edges and corners. For volume images
where n = 3, we could use either N7 or N3 for edge detection.

4 Anisotropic Diffusion

In order to obtain high quality edges, it is necessary to smooth noise before
performing edge detection. In [5], Perona and Malik reported an edge preserving
smoothing method using anisotropic diffusion. They use anisotropic diffusion
equation to evolve gray-scale images f(z,y): 2 C R> - R

of
S = div(p(| VDV ). (21)
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v £12

where p =€~ & or p= Their idea is to halt the heat-flow process

at object boundaries. To do this they control the diffusivity using the magnitude
of the image gradient. When the gradient is large, which indicates the existence
of a likely edge, the value of diffusivity is small. When the gradient is small, on
the other hand, the value of diffusivity is large. This method has been improved
by using more sophisticated diffusion flows [17]. Here, we generalise the Perona-
Malik method to tensor-valued images.

The Perona-Malik method discretises Equation2Ilon a square lattice and uses
the numerical scheme

=1+ M oo (fimrg = fig) + po_(fivry — fig)

oy, (fij—1 = fig) + py_(fij+1 — fij) ]f] : (22)
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Fig. 1. (al) and (a2): Synthetic tensor fields. (b1) and (b2): Corresponding noisy ten-
sor fields. (c1) and (c2): Filtered results using generalised Perona-Malik anisotropic
diffusion with A = 0.25, k = 1,5 iterations.
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For tensor-valued images, since the feature space M is curved, we should use the
intrinsic subtraction @ and addition © operators on M [8] for the purposes of
numerical implementation. That is, we let the image values f(z,y) at the location
(z,y) diffuse by marching along the geodesics emanating from this location. For
two points A, B on M, we define A@® B = Exp4(B) and A& B = Log4(B). For
tensor-valued images, we have the following numerical scheme

1 =Expp { A po,Logy, (fi-1)

+P:,Logf7~,,j (f¢+1,j) prJrLogfi,j (fi,jfl) (23)
+py_Logy, ; (fige1) Ii; b

2
where p,, = exp(— HLogfw. (fz;l,j)H /k) and similar definition for others.

5 Experiments

We have applied our Riemannian edge detector and the generalised Perona-Malik
anisotropic diffusion to synthetic and real-world tensor-valued images.

b) Filtered result

100 120

¢) Riemannian structure tensor d) Euclidean structure tensor

Fig. 2. Real DT-MRI example
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Fig. [l shows the results of the generalised anisotropic diffusion on two syn-
thetic noisy tenor fields. We first generate two noise-free tensor fields with dif-
ferent complexity. Field (al) is fairly simple, while (a2) contains crossing fibers.
We corrupt the tensor fields by adding the same quantity of independent and
identically distributed (IID) additive noise to eigenvectors and eigenvalues of the
tensors respectively. We then apply our algorithm to regularise the noisy tensor
fields (b1) and (b2), and the results are shown in (c1) and (c2). The resulted
fields show that the generalised anisotropic diffusion well preserves the interfaces
between regions and recovers the fine details of the structures, whilst smoothing
out the noise.

We have also tested our method on a real-world DT-MRI volume. Fig[2 shows
the results of a sample slice. Subfigure (a) is the tensor image visualised using
ellipsoids. (b) is the filtered result after applying the anisotropic diffusion. (c)
and (d) are the trace of our Riemannian structure tensor and the Euclidean
structure tensor [3I2] of the filtered slice respectively. The results shows that the
Riemannian structure tensor is more sensitive for edge detection and can detect
the fibres inside the image.

6 Conclusions

In this paper we have introduced the structure tensor and the anisotropic diffu-
sion to tensor-valued images. We consider images as surfaces embedded in the
space of tensors, which is a differential manifold with an affine-invariant met-
ric. The structure tensor is then the same as the metric tensor of the image
surface. Anisotropic diffusion is generalised for tensor-valued images using the
exponential map and geodesic marching. Experiments shows that the generalised
anisotropic diffusion is efficient to eliminate noise, and our Riemannian structure
tensor is more sensitive for edge detection than the Euclidean one.
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Abstract. A combinatorial method is used to reconstruct a surface by
integrating a field of surface normals. An affinity function is defined over
pairs of adjacent locations. This function is based on the surface’s prin-
cipal curvature directions, which are intrinsic and can be estimated from
the surface normals. The values of this locally supported function are
propagated over the field of surface normals using a diffusion process.
The surface normals are then regularised, by computing the weighted
sum of the affinity evolved over time. Finally, the surface is reconstructed
by integrating along integration paths that maximise the total affinity.
Preliminary experimental results are shown for different degrees of evo-
lution under the presence of noise.

1 Introduction

Directional information about surfaces, in the form of surface normals or gradi-
ents, is involved in several computer vision problems such as Shape-from-Shading
and Photogrammetric Stereo, or, more recently, diffusion tensor magnetic res-
onance (DT-MRI). Integration of a field of surface normals can be exact if the
vector field is integrable, that is, if the measured curl is zero. Since this is not the
case for most applications, due to measurement errors, it is necessary to develop
methods to estimate the most likely surface from which the surface normals have
been obtained. Figure [l illustrates surface integration over facial data.

Most surface integration methods use a variational approach [TJ2J3l4], which
consist of defining a suitable functional

J(S) = / / E(S,VS,n)

where S is the surface to be estimated, and n is the surface normal information
provided. Frankot-Chellappa [I] project the gradient field on integrable Fourier
basis functions, and variations of this method use other families of integrable
basis functions [4].

Alternatively, considering a discrete field of surface normals as a labelled grid
graph, surface height estimates can be obtained by integrating along paths of the
graph. Local information can be used to construct space-filling integration paths,
for example, an affinity function can be defined for graph edges corresponding
to affinity between the vertexes’ surface normals.
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The path integration approach is optimal under the assumption that at least
there is one path joining every pair of surface locations, over which the height
increments can be estimated. Graph-spectral methods are used to find those
paths within the set of all possible paths.

Robles-Kelly [5] and Klette [6] describe path integration methods. In [5] a path
is constructed using a graph-spectral analysis over the affinity matrix, defined
using estimates of the sectional curvature. Several non-overlapping paths are
used to cover the entire graph.

(a) Ground truth (b) Surface normals  (c) Reconstruction

Fig. 1. An example of surface integration from directional data

The algorithm presented in this paper uses an intrinsic geometric property as
affinity. This affinity function is used for regularisation of the surface normals.
and for making a choice of integration paths. The affinity function is based on
the surface’s principal curvature directions, which can be estimated from the
surface normals and are representation invariant. First, the affinity is propa-
gated according to a diffusion process; second, the surface normals are modified
according to those local reliability estimates; and third, the surface is integrated,
from the modified surface normals. The paths overlap, thus avoiding the need
for segmentation.

The values of this locally supported function are propagated over the field
of surface normals following a diffusion procedure described in [7§]. A discrete
Laplacian operator is used to construct the heat kernel, which can then be eval-
uated at different times.

The surface normals are then regularised, by computing the weighted sum
of the affinity evolved over time. Integration paths that span the entire surface
and minimise the total affinity are computed using a Minimum Spanning Tree
algorithm. The surface is reconstructed applying the trapezium rule piecewise
along each integration path. In this approach the surface S is modelled by a
spanning tree T', and the following cost function is minimised:

J(T) = !

(1,7)€T Aij

where A;; is the affinity of edge (4, j).
We now proceed by describing a combinatorial method for surface integration
given a local affinity function. In the following sections, the geometric affinity
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function is motivated, and the affinity is propagated to non-neighbouring sur-
face locations. The field of surface normals is updated according to this extended
affinity, and the combinatorial surface integration method is applied to the mod-
ified surface normals.

2 Surface Integration

In this section a combinatorial method to integrate a surface from a field of
surface normals is described. This method only requires a definition of affinity
between ajacent locations, and assumes that, for every two locations, the path
that minimises the affinity function also minimises the integration error.

Given two adjacent locations 4 and j, and their surface normals n; and nj,
it is possible to estimate the height difference by applying the trapezium rule.
An affinity function assigns a number between 0 and 1 to each pair of adjacent
surface normals ¢ and j, estimating the reliability of integration along the edge
joining 7 and j. Therefore an affinity matrix is defined A = {a;;}i jev.

Consider the graph G = (E,V) whose vertexes V are the surface normal
locations, and whose edges E are all the pairs of adjacent locations (typically
the 4-neighbours). Let W be the array whose entries are inverse of the entries
in A. In this way we have assigned weights to the edges of the graph.

A first requirement for a path integration method is that every two locations
are connected by a path, so that the height can be estimated for all locations.
A second requirement is that there is only one path between every two points,
so that surface height estimates are unique. Therefore the paths will form a
spanning tree T over G. A spanning tree that minimises the total weights given
by W, or, equivalently, maximises the total affinity, can be obtained by using a
Minimum Spanning Tree algorithm [9].

The surface can then be reconstructed by integration along the edges of T,
applying the trapezium rule to the surface normals. This optimisation procedure
is independent of the affinity function, and the problem of obtaining adecuate
height estimates is reduced to defining an appropriate affinity function. Figure
illustrates the notion of integration tree.

For this path-based integration method, it requires that minimising the affin-
ity function is equivalent to finding a path over which integration is valid. Note

o o o o ) e — o 0o e—eo—o o©

L S

L

L T

(a) Locations (b) Space-filling (c) Tree (d) Path in tree
path

Fig. 2. Paths defined over the set of locations. Each location is labeled with a 3D
surface normal vector. The surface is integrated over a path using the trapezium rule.
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that this method does not require the field of surface normals to have zero curl,
which would imply that every path joining every two locations provides correct
height estimates.

The practical use of such a path-based integration method is limited by the
extent to which the affinity function can capture global structure of the graph,
and also by the quality of the surface normals. The field of surface normals
contains redundant information because the trapezium rule only uses one of
the two components of the gradient. It seems therefore reasonable to integrate
over a modified field of surface normals in which the redundant information has
been propagated along the graph G. The proposed way of doing this involves a
local geometric affinity function, and a diffusion process to take into account the
global structure of the graph G.

3 Geometric Affinity: Principal Curvature Directions

The affinity function needs to be defined for each pair of adjacent locations.
In order to assign greater affinity to lower risk of integration errors, it should
be monotonic with any distance defined over the surface normals as Euclidean
vectors. It is also desirable that the affinity function does not depend on the way
the surface normals have been sampled from the surface.

The field of surface normals is sampled from a surface, it is therefore possible
to estimate intrinsic properties of the surface from the surface normals. One
such intrinsic property is the principal curvature and its directions. A measure
of geometric affinity between two surface locations is given by how close the
direction linking them is to the minor principal curvature direction. (In regions
where the principal curvature directions are not defined, the affinity can be
considered the same in all directions). FigureBlillustrates the principal curvature
directions for a simple surface.
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Fig. 3. Principal curvature directions estimated from a field of surface normals

To estimate the principal curvature directions from the surface normals, con-
sider S, the surface function. The Hessian matrix, which can be used to calculate
the principal curvature directions, is constructed using the second derivatives at
each point.
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The Hessian matrix at each location,

Oya Oyy
can be obtained by estimating the second partial derivatives of S at each point
using finite differences over the first partial derivatives.

The first derivatives 9,5 and 9,5 are obtained from the normal vector
(n$7ny7nz)

Ny 028
ny | =-—n. | 0yS
N, -1

The partial derivatives 9,5 and 9,5 are defined whenever n, is nonzero. This is
the case, for example, when data is available in shape-from-shading.

The second derivatives can be approximated using a finite difference operator.
Let v; be the coordinates of location i, and e a unit 2D vector.

flvite)—flvi—e)

Ocf (Vi) = Aef (Vi) = 5

The eigensystem of H consists of the principal curvatures and their direc-
tions. For most surfaces the eigenvectors hy,;, and hy.x of H are not linearly
dependent, and form a basis of the 2D space.

The edge joining two adjacent locations [y and ls, corresponds to a direction
vector e, which can be represented in the eigensystem of H:

e = ahmin + ﬁhmax

Therefore an geometric measure of affinity « to each pair of adjacent locations [y
and ls. Greater geometric affinity corresponds to directions closer to the minor
principal curvature direction.

We have obtained an affinity function that can be used to calculate an affinity
matrix A, which is symmetric with size |V| x |V|. Without loss of generality, we
can assume that A is normalised so that each row adds up to 1. This measure of
affinity is only defined locally, we now proceed to propagate affinity across the
field of surface normals.

4 Propagating Affinity Using the Heat Kernel

The affinity matrix A embodies local information, in the form of geometric affin-
ity between adjacent locations. The matrix A can be considered as a transition
probability between locations in the graph of locations. A path joining two lo-
cations ¢ and j is a subset or E and therefore has an probability induced by A.

We would like to calculate the affinity between every two locations, not only
those which are neighbouring in the graph. To do so, let us consider a random
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walk over G whose transition probability is given by A, and calculate the prob-
ability of the random walk joining locations ¢ and j in ¢ steps. This corresponds
to a diffusion process in which the conductivity is given by A [7Ig].

Let L be the normalised Laplacian associated to A, L = D_%LD%, where
L =D — A and D is the diagonal matrix such that D;; = Zj A;j. The matrix

L can be seen as a discrete approximation of the continuous Laplacian operator
in the following diffusion equation [7]

O4H =—-LH (1)
The solution H(t) can be calculated by matrix exponentiation
H(t)= e~ tL

Each entry (i,7) of the matrix H(t) can be interpreted as the probability of a
random walk joining locations ¢ and j, after ¢ steps, given the transition proba-
bility A. Note that the size of both A and H(¢) is [V| x |V].

The presence of a path in G of high affinity between two nodes i and j increases
the probability H (t);;. The matrix H(t) can now be used to modify the surface
normals.

5 Updating the Surface Normals

While the field of surface normals contains redundant information, integration
along paths, which effectively are subsets of F, discards all surface normal infor-
mation not in the direction of the edges that form the path. In order to make use of
redundant information before the integration step, let us modify the surface nor-
mals using the transition probability H (t) obtained in the previous section. This is
a generalisation of a simple average of neighbouring surface normals, and is similar
to subjecting the surface normals to a process of anisotropic diffusion [10].

The updated normals corresponding to a random walk of length ¢, N(t) =
{n(t);}icv, are defined as a weighted sum of the surface normals:

n(t); = Z H(t)ijn, (2)

where the indexes ¢ and j visit all locations.

As a result, the field of surface normals N(¢) is the weighted sum over all
locations, with weights given by the probability of a random walk of length ¢
joining those two locations. The transition probability for the random walks
was given by the geometric affinity matrix A. We will use the modified surface
normals N (¢) to perform path integration.

6 Experiments

Experiments have been performed with surface normal data corresponding to a
human face. A field of surface normals was the input, and the output was the
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Fig. 4. Surface reconstruction for varying levels of Gaussian noise o (columns) and
time ¢ (rows)

reconstructed surfaces. The performance was assessed with Gaussian noise added
to the field of surface normals, in order to simulate a source of measurement
noise. The experiment parameters are therefore the standard deviation of the
Gaussian noise, and the time parameter ¢ used to evaluate the heat kernel.
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Fig.5. Reconstruction error for ¢ = 0.4, measured in RMS as a function of o. The
minimum corresponds to the bottom-right reconstruction in Figure @l
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The diffusion parameter ¢t produced a reasonable smoothing of the field of
surface normals for values below 1. For example, using diffusion parameter ¢t =
0.4, the reconstruction is not affected by noise of parameter o < 0.5. Figure [
illustrates the reconstruction from a field of size 32 x 32, for varying noise and
time. (A raised chin usually corresponds to a lower reconstruction error, even
when detail is not recovered). Figure [}l shows the RMS error between the ground
truth and the reconstructed surface, for this value of ¢.

7 Conclusion

We have presented a method for path-based surface integration whose only pa-
rameters are a local affinity function and a time parameter ¢t. We have also pre-
sented an affinity function based on an intrinsic geometric property of the surface
being reconstructed, namely the principal curvature directions. The affinity is
propagated over the graph of surface locations using a diffusion process. The
result is used to re-weight the field of surface normals in order to make use of
its spatial redundancy.

A future direction for this work is to interpret the diffusion process in the
anisotropic diffusion framework presented by [4], and to state explicitly the rela-
tionship between the affinity function and the error model for the field of surface
normals in a probabilistic setting.
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Abstract. We address the problem of determining if a given image
region contains people or not, when environmental conditions such as
viewpoint, illumination and distance of people from the camera are
changing. We develop three generic approaches to discriminate between
visual classes: ridge-based structural models, ridge-normalized gradient
histograms, and linear auto-associative memories. We then compare the
performance of these approaches on the problem of people detection for
26 video sequences taken from the CAVIAR database.

1 Introduction

Many video-surveillance systems require the ability to determine if an image
region contains people. This problem can be considered as a specific case of
object classification in which there are only two object classes: person and non-
person. Object classification in general is difficult because it has to face different
kinds of imaging conditions. People detection is even harder due to the high
variation of human appearance, gait, as well as the small size of human region
which prevents face or hand recognition. Numerous efficient appearance-based
approaches exist for object recognition [82]. However, such techniques tend to
be computationally expensive. Video-surveillance systems must run at video-rate
and thus require a trade-off between precision and computing time.

To speed up the classification, simpler methods have been proposed. In [4],
the authors only use compactness measure computed on the region of interest to
classify car, animal or person. This measure is simple but sensitive to scale and
affine transformations. Moreover, this method highly depends on segmentation,
which remains a primitive problem. In [I] and [I2], the contour is used to mod-
elize deformable shapes of a person. However, the person must be represented
by a closed contour. These methods strongly depend on contour detection or
segmentation techniques.

This paper presents three methods for determining the presence of people in
an imagette. Two methods use ridges as structural features to model people:
the structural method uses a set of main human components like legs, torso, and
the statistical method describes humans by modified SIFT based descriptor. The
third method uses global appearance information of the detected region to dis-
criminate between person and non-person. This method inherits strong points of
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appearance based vision: simplicity and independance from the detection tech-
nique. In the following, we expose each method and compare their performance.
Our objective is to show the advantages as well as drawbacks of appearance-
based object classification approaches and structural feature based approaches,
experimented in case of people. This comparative study motivates the use of a
multi-layer object classifier to improve the detection rate.

2 Local Feature Extraction in Scale-Space

Everyday objects typically exhibit significant features at several different scales.
To describe such structures of different sizes, images must be analysed in scale
space. The scale-space representation of an image is a continuous space L(x, y, o)
obtained by convolution of the image I(x,y), with a Gaussian G(z,y;0):
L(z,y,0) = G(z,y;0) * I(x,y) where G(z,y;0) = #6_(””2“‘92)/2‘72.

Natural interest points are local extrema in Laplacian scale space. Such points
correspond to the center of blob-like structures and are widely used as key-points
for scale invariant indexing and matching. Such a description provides a reliable
method for object detection and description. However, natural interest points
are well suited for compact objects, but tend to become unstable in the presence
of elongated objects.

We extend natural interest points to describe elongated objects with nat-
ural interest lines. In addition of providing a more reliable scale normalization,
natural interest lines also provide local orientation information and affine nor-
malization. As with natural interest points, the value of o for the maximal scale
corresponds to the half-width of the object. At this scale, the amplitude of the
Laplacian exhibits a ridge. The mathematical definition of a ridge point on a
surface is as follows: given a scale space L(zx,y, o), a ridge point at scale o is
a point at which the signal L(z,y,0) has a local extremum in the direction of
the largest surface curvature. The ridge detection method used in this paper is
described in full detail in [9].

3 Human Recognition Based on Structural Model

To represent a person in a structural manner, some authors use silhouettes [1f4],
or skeletons [5] and study changes of the model (like head, hand, legs, ...) in the
time to analyse person movement. This representation strongly depends on the
segmentation algorithm which is a primitive problem in computer vision. Ridges
represent centerlines of an oblong structure. At an appropriate scale, it represents
a skeleton of the object. Ridges at several scales capture more information about
the object.

Figure[llshows imagettes of a person extracted from a walking sequence of the
CAVIARJ database. On these imagettes, we overlay ridges and blobs (extrema
of Laplacian in 3 dimensions) detected in the region of interest. It is interesting

! http://homepages.inf.ed.ac.uk/rbf/ CAVIAR /caviar.htm
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Fig. 1. Different configurations of a person represented by ridges (lines) and blobs
(circles) at scale o = 4v/2

to see that ridges not only represent torso, legs and other significant parts of a
person, but also changes in configuration of the person. We propose to model a
person by using ridges representing person parts, more precisely torso and legs.

3.1 Extracting Ridges in Region of Interest

Given a region of interest, we want to know at which scale ridges should be
detected. If the region perfectly fits the person, the scale to detect ridges corre-
sponding to torso is exactly equal to the half of the region width and the scale
to detect ridge corresponding to legs is quarter width. This is straightforward
for a rectangle. If the region is defined by a contour, the width and the height
of a region are deduced from its second moments.

patio tore
Leg part
Leg 1

Torso
—_— —_—

Torso part Leg

0 1000 2000 3000 4000 5000
(b) (© @000 ooy G002+ 1000)

(d)

Fig. 2. (a) Ridges detected at scale related to the width of region. (b-c) Seleted ridges
corresponding to torso and legs of person. (d) 5 configuration possibilities for each
person.

Experimentation on ridge detection shows that with the use of the Laplacian,
some ridges representing the same structures of objects are repeated at several
scales. This also happens with persons: ridges detected at torso scale in the leg
part represent well the legs (as we see in figure [Il). Therefore, we propose to
begin with ridges detected only at torso scale. In this manner, we only work at
the scale corresponding to the size of the person.

3.2 Determining Major Ridges Corresponding to Torsos and Legs

Knowing the orientation of a person, we cut the region into two parts by the
smaller main axis (figure[2b) and take for torso part the longest ridge, the second
longest for leg part (figure k). The detected ridges have to be significant in
energy and length. Only ridges having length and average Laplacian bigger than
a threshold are considered. There may be no ridge satisfying the above condition
in torso part or there is only zero/one ridge in leg part. This is the case of a
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person wearing a T-shirt or a trouser of same colour as the background or a
partially hidden person. It is not important because it makes the model robust
to partial occlusion. Using ridges, a person can be in one of the configurations
presented in figure 2.

3.3 Constructing Descriptors

We represent a configuration of a person by a vector of 10 components deter-
mined from 3 ridges detected previously: (N, 601, leny, disy, 02, lens, disa, O,
lens, diss). The first component is the number n of ridges we take from torso
part and leg part of the region of interest. n can be 0, 1, 2, 3. As n = 1 (torso
ridge or leg ridge) and n = 2 (torso ridge + leg ridge or 2 leg ridges) do not rep-
resent an unique configuration. We assign a weight to each ridge in the model in
function of its importance (for example 1 for leg ridge and 3 for torso ridge). n is
now converted into a sum of weighted ridge number. This means {0, 1, 2, 3, 4, 5}.

The nine following components are 3 triplets (angle between ridge and main
axis, ridge length normalized to scale, distance from ridge center to region center
normalized to scale). Among the ten components in the descriptor, the first
component is the most significant because it represents the configuration of a
person. For this reason, we give a strong weight to the first component (1000
in our experimentation), and normalize all other components by their maximal
values. These values are learnt from the groundtruth: 0,,,, = 27, lenpq: =
35, dismar = 17.

4 Ridge Normalized Gradient Histograms

Based on observation that human silhouette can be represented by a long ridge,
we propose an another approach that describes human region by a SIFT based
descriptor. More precisely, we extract the main ridge to obtain a local reference
invariant to orientation and scale. A gradient histogram is computed in this
reference system.

4.1 Computing Ridge Properties

The first step consists in detecting and separating each ridge structure in scale
space. We begin to compute ridges at each scale level as seen in the previous
section. In order to obtain video-rate performance, a pyramidal algorithm de-
scribed in [2] is used to compute the Laplacian scale space. Ridge structures are
obtained by connected component analysis in this scale space.

We then obtain a set of ridge points X,,—1. .y = (xnynsn)T where z,, and y,
represent the position in the image and s,, represent the scale. In order to obtain
a local reference of the ridge, we compute the first and second moments of these
feature points. For more robustness, each point is weighted by its Laplacian
value. As we work in a down-sampled pyramid, we weight each point by 2%~
where k,, represents the stage in the pyramid. The result of ridge description is
a set of ridge lines, characterized by the position of the center of gravity of the



104 A. Negre et al.

ridge points, as well as the orientation of the ridge (z,y,0,6). In the following
section, we will see how to use such a representation to describe and to recognize
objects.

4.2 Statistical Description of Ridges

We experiment a statistical description of ridges inspired by the SIFT descriptor
[6] and Gaussian Receptive Field Histograms [7]. The descriptor is based on an
array of gradient histograms. Our original contribution is to normalize each gra-
dient measure using the intrinsic scale and the orientation of the most contrasted
ridge in the imagette (cf. figld). After building a local reference from ridge pa-
rameters, the gradient (L, L, ) is computed for each pixel in the imagette at a
scale 0. = ao; where o; is the average scale of the ridge and « is a constant. A
typical value of « is 0.5. This scale is found empirically and corresponds to the
boundary information of the blob described by the ridge.

Fig. 3. Calculation of the ridge descriptor : ridge extraction and connectivity analysis
are computed to obtain a set of ridge objects (b). The main ridge is selected and
the first and second order moments are computed to obtain a local reference (d).
The descriptors are then created by computing the image gradient (c), rotated by
the principal direction of the ridge. The gradient orientation and magnitude are then
accumulated into histograms (e).

Gradient magnitude is normalized by the average amplitude of the Laplacian
of the ridge in order to correct for variations in illumination. The gradient ori-
entation is rotated relatively to the orientation of R’. This normalized gradient
field of the imagette is divided into four regions, and the statistics of the gradient
magnitudes and orientations for each region is collected in a histogram (fig[3(e)).
A Gaussian weighting function ~ is used to assign more importance to centered
points. The ~ function is defined by the ridge properties :

2 2
,‘TRQ’ ,“Ré

—_ 20 20
Y(z,y) =e 71 2%

Where (2%, yr’) are the position of the considering point in the reference R’ and
A1 is the greatest eigenvalue of the ridge covariance matrix. When the histogram
is computed, a four-point linear interpolation is used to distribute the value of
the gradient in adjacent cells, in order to minimize boundary effects. Moreover,
to make comparisons, the gradient histogram is normalized into each region.
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5 Recognizing People Using Linear Auto-associative
Memories

As a global approach, auto-associative memories use the entire appearance of
the region of interest. The main advantage of this kind of approach is that no
landmarks or model has to be computed, only the objects has to be detected.
Global approaches can also handle very low resolutions. A popular method for
template matching is PCA [I0], but this tends to be sensitive to alignment, and
the number of dimensions has to be specified. Neural nets also have been used.
However, the number of cells in hidden layers is chosen arbitrarily.

We adapt auto-associative memory neural networks by using the Widrow-Hoff
learning rule [I1]. As in ridge extraction, the tracker detects bounding boxes and
main orientation for each object in the scene. We use these informations to create
grey value imagettes normalized in size and orientation as in [3]. This normaliza-
tion step provides robustness to size, chrominance, alignment and orientation.

5.1 Linear Auto-associative Memories

Linear auto-associative memories are a special case of one-layer linear neural
networks where input patterns are associated with each other. Each cell corre-
sponds to an input pattern [I1]. Auto-associative memories aim to associate each
image with its respective class, and to recognize learned images when input im-
ages are degraded or partially occluded. We describe a grey-level input image by
a normalized vector = = ﬁ m images of n pixels of the same class are stored

into a n x m matrix X = (xl, ceey xm). The linear auto-associative memory of
the class k is represented by the connexion matrix Wj. The reconstructed image
yr is obtained by computing the product between the source image x and the
connexion weighted matrix Wy, : yr = Wy -x. We measure the similarity between
the source image and a class k of images by taking the cosine between x and yy
: cos(z,y) = z-yT. A score of 1 corresponds to a perfect match. The connexion
matrix W,? is initialized with the standard Hebbian learning rule W2 = Xj,- X g
Reconstructed images with Hebbian learning are equal to the first eigenface of
image class. To improve recognition abilities of the neural network, we learn Wy,
with the Widrow-Hoff rule.

5.2 Widrow-Hoff Correction Rule

The Widrow-Hoff correction rule is a classical local supervised learning rule. It
aims to minimize the difference between desired and given responses for each ell
of the memory. At each presentation of an image, each cell modifies its weights
from the others. Images X of the same class are presented iteratively with an
adaptation step n until all are classified correctly. This corresponds to a PCA
with equalized eigenvalues. As a result, the connexion matrix Wy becomes spher-
ically normalized. The Widrow-Hoff learning rule can be described by:

Wi = Wi 4 (@ — Wi -2) 2"
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In-class images are little degraded by multiplying with the connexion matrix.
In opposite, extra-class images are strongly degraded. Imagettes of the same
class are used for training an auto-associative memory using the Widrow-Hoff
correction rule. Prototypes of image classes can be recovered by exploring the
memory. In opposite, prototypes can not be recovered with non-linear memories.
Auto-associative classification of different class is obtained by comparing input
and reconstructed images. The class which obtains the highest score is selected.
We train two auto-associative memories for classes 0 and n > 1 persons.

6 Comparative Performance Evaluation

We evaluate the three techniques in the context of video-surveillance by deter-
mining if an image region contains people or not. Our training database consists
of 12 video sequences which contain about 20000 people whose regions of interest
are labelled in CAVIAR database. The two ridge-based methods compute human
descriptors from imagettes in the training sequences and learn the descriptors
by using KMeans algorithm. 34 human descriptors have been learnt in the first
method and 30 in the second. The third method based on associative memories
needs to learn people examples as well as non-people examples. For this, we cre-
ated two sequences of the background and taken random imagettes from these
sequences. Two matrices have been learnt and they are considered as people
model and non-people model. For test, we use 14 sequences including 12 other
sequences in CAVIAR database and 2 background sequences. These sequences
contain 9452 people and 4990 non-people regions. Ridge-based methods measure
the similarity as the euclidian distance between two vectors of descriptors in the
first method and the x? distance in the second method. The third method com-
putes directly the cosine between the imagette with the recontructed imagettes.
The three similarity measures are normalized and thresholded to dertemine the
presence of people.

Table 1. Comparaison of recognition methods

People Others
Method Recall| Precision |Recall] Precision
Ridge based Structual Model 0.80 0.90 0.80 0.70
Ridge based Normalized Histogram| 0.90 0.93 0.80 0.73
Linear Auto-associatives Memories | 0.99 0.96 0.70 0.90
Modified SIFT 0.77 0.90 0.75 0.51

Table [l shows the perfomance of 4 human classification techniques: three
techniques presented in the previous sections and one technique using SIFT
descriptor computed at the most significative interest point detected in the im-
agette. This method uses the same technique for learning and testing than the
second method. We can observe that the technique based on associative memo-
ries performs best. The reason is that this method has learnt person examples
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as well as non-person examples as the two first methods based on ridge learnt
only person examples. If we do not train a non-people class, it gives the worst
result because this method used only one model to represent all variations in the
human classe. So it can not discriminate non-peolple from people. This method
is good for people identification and can help for split-merge detection.

The statistical descriptor computed on ridge region gives better results than
the structural descriptor. This is explained by the fact that the first method con-
siders also one ridge as human model. Consequently, all regions containing one
ridges are classified as people regions. This method requires more parameters
and human knowledge than ridge histograms, but can recover people configu-
ration. The second method gives good result in general case but presents some
drawbacks when human is partially occulted or affected by light or shadow. In
these cases, the detected ridge does not correspond to the global shape of the
human. Therefore, the descriptor is built on nearby region but not centered on
human region. Modified SIFT performs worst, because interest points are less
stable than ridges for representing elongated structure like human shape. Linear
auto-associative memories are disrupted when people walk through shadow ar-
eas, but can recognize configurations which do not exhibit ridges, such as people
crouching down.

7 Conclusion

We proposed 3 different approaches for entity recognition in video sequences.
Two approaches are based on local features: the ridge configuration model and
the ridge normalized gradient histograms. The third one, linear auto-associative
memories, is based on global appearance. Ridge normalized gradient histograms
are robust to illumination changes, whereas auto-associative memories are sensi-
tive to it. Ridge configuration models are robust to global illumination changes,
but are disrupted in case of local changes. Ridge normalized gradient histograms
also provide an estimation of the size and orientation of the object. As a global
approach, auto-associative memories do not need to compute a model for per-
sons and run at video-rate, but have to learn a 0 person class to be efficient.
Ridge-based approaches can be disrupted by neighboorhoods of pixels, whereas
auto-associoative memories are robust to partial changes in the imagette.

We believe all three approaches can be extended to other cognitive vision
problems. Ridge configuration models can be useful for gait and number of peo-
ple estimation. However, this method requires specific adaptation to other object
categories. Ridge normalized gradient histograms are well-suited to the discrim-
ination of other objects, provided that these objects exhibit a main ridge. We
can improve the recognition process by combining all three methods: Ridge-
based methods localize objects and detect their size and main orientation using
their main ridge. The image region can be normalized into a fixed size imagette
to be compared to appearance prototypes constructed by linear auto-associative
memories or ridge normalized gradient histograms. People configuration and gait
can be described by ridge structural model.
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Abstract. The ability to find the average of a set of contours has se-
veral applications in computer vision including prototype formation and
computational atlases. While contour averaging can be handled in an
informal manner, the formal formulation within the framework of gener-
alized median as an optimization problem is attractive. In this work we
will follow this line. A special class of contours is considered, which start
from the top, pass each image row exactly once, and end in the last row of
an image. Despite of the simplicity they frequently occur in many appli-
cations of image analysis. We propose a dynamic programming approach
to exactly compute the generalized median contour in this domain. Ex-
perimental results will be reported on two scenarios to demonstrate the
usefulness of the concept of generalized median contours. In the first
case we postulate a general approach to implicitly explore the parameter
space of a (segmentation) algorithm. It is shown that using the gener-
alized median contour, we are able to achieve contour detection results
comparable to those from explicitly training the parameters based on
known ground truth. As another application we apply the exact median
contour to verify the tightness of a lower bound for generalized median
problems in metric space.

1 Introduction

The ability to find the average of a set of contours has several applications in
computer vision including prototype formation and computational atlases. While
contour averaging can be handled in an informal manner as done in [IT1], the
formal formulation within the framework of generalized median as an optimiza-
tion problem is attractive. In this work we will follow this line.

Given a set of n patterns Cy, Cs, ..., (), in an arbitrary representation space
U, we assume a distance function d(p,q) to measure the dissimilarity between
any two patterns p,q € U. Then, the generalized median C' is defined by:

C = argrcnelg;d(C,Ci) (1)
This concept has been successfully applied to strings [7J9] and graphs [5] in

structured pattern recognition.
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If a contour is coded by a string, then the same procedure can be adapted to
averaging contours [7]. However, this general approach suffers from high compu-
tational complexity. It is proved in [4] that computing the generalized median
string is NP-hard. Sim and Park [I2] proved that the problem is NP-hard for
finite alphabet and for a metric distance matrix. Another result comes from
computational biology. The optimal evolutionary tree problem there turns out
to be equivalent to the problem of computing generalized median strings if the
tree structure is a star (a tree with n 4+ 1 nodes, n of them being leaves). In [13]
it is proved that in this particular case the optimal evolutionary tree problem is
NP-hard. The distance function used is problem dependent and does not even
satisfy the triangle inequality. All these theoretical results indicate the inher-
ent difficulty in finding generalized median strings, or equivalently the general-
ized median contours. Not surprisingly, researchers make use of domain-specific
knowledge to reduce the complexity [d] or resort to approximate approaches [7].

In this work we consider a special class of contours for which the generalized
median can be found by an efficient algorithm based on dynamic programming.
We first motivate our work by giving some background information about this
class of contours. Then, the algorithm for finding the exact solution is described
in Section Bl In Section Ml we describe two applications of generalized median
computation: exploring the parameter space of a contour detection algorithm
and tightness evaluation of a lower bound of generalized median problems in
metric space. Finally, some discussion conclude the paper.

2 Class of Contours

The class of contours considered in this work is defined as follows:

Definition 1. For a given M x N image a contour C' = pips,...,Dym S a
sequence of points drawn from the top to the bottom, where p;, 1 = 1,..., M,
is a point in the i-th row. The points p; and piy1, i = 1,...,M — 1, of two
successive rows are continuous.

These contours start from the top, pass each image row exactly once, and end
in the last row.

At the first glance the question may arise why such simple contours are of use
in practice. Some thoughts, however, reveal that there do exist several situations,
where we are directly or indirectly faced with this class of contours. In medical
imaging it is typical for the user to specify some region of interest (ROI) and
then to find some contours within the ROI. As an example, Figure [I shows

Fig. 1. ROI in a CCA B-mode sonographic image (left) and detected layer of intima
and adventitia (right)
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Fig. 2. Detection of closed contour: (a) input image; (b) removal of iris; (c) detection
of eye contour; (d) strabismus simulation

(b)

Fig. 3. Polar space for contour detection: (a) polar space; (b) optimal path.

a ROI in a CCA (Common Carotid Artery) B-mode sonographic image. The
task is to detect the layer of intima and adventitia for computing the intima-
media thickness which is an important index in modern medicine. Details of
this application and an algorithm for automatic layer detection can be found
in [2]. Essential to the current work is the fact that both the intimal layer and
the adventitial layer are examples of the contour class defined above (although
we have to rotate the image by 90 degrees). This application reflects a typical
situation in medical image analysis.

The same fundamental principle can be extended to deal with closed contours.
For this purpose we need a point p in the interior of the contour. Then, a polar
transformation with p being the central point brings the original image into
a matrix, in which a closed contour becomes a contour from top to bottom
afterwards. Note that this technique works well for all star-shaped contours
including convex contours as a special case. As an example, Figure [ shows a
problem of eye contour detection taken from [8]. In the image after removal of iris,
the eye contour is detected as a closed contour based on the interior reflection
point. The polar space representation related to Figure 2Ib) can be seen in
Figure Bfa) where the intensity is replaced by a measure of edge magnitude. In
this space we are faced with the same contour detection problem as in Figure [Tl
The result is shown in Figure B(b) and Figure [J(c) after projecting back into
the image space. The task in this application is then to simulate strabismus by
replacing the iris. The eye contour serves to restrict the region, within which
the newly positioned iris lies. For (almost) convex contours the selection of the
origin of polar space is not critical. In the general case of star-shaped contours,
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however, it must be chosen within the area, in which the complete contour can
be seen.

The two situations above and others appear in a variety of applications. They
indicate the broad applicability of the class of contours considered in this paper
and thus justify to investigate them in their own right.

The concept of generalized median in Eqn. ([]) can be easily adapted to our
domain by specifying a distance function between two contours. Since each point
p; of a contour P = pyps,...,py has a constant y-coordinate i, we use p; to
represent its z-coordinate only in the following in order to simplify the notation.
Given this convention, the distance between two contours P and @ can be defined
by the k-th power of the Minkowski distance:

M
dP.Q) = 3 i —a)* (2)

=1

In this case the representation space U contains all continuous contours from
top to bottom of an input M x N image.

3 Computation of Generalized Median Contours

Given n contours Ci,Cs,...,Cy, the task is to determine a contour C such
that the sum of distances between C and all input contours is minimized. It is
important to notice that we cannot solve this problem of generalized median
contours by computing the optimal value for each of the M rows independently,
which could be done, for instance, by enumerating all possibilities between the
leftmost and rightmost point in the row. Doing it this way, we encounter the
trouble of generating a discontinuous resultant contour.

Our proposed method is formulated as a problem of finding an optimal path
in a graph based on dynamic programming. We first generate a two-dimensional
M x N cost matrix of the same size as the image, in which every element cor-
responds to an image point. Each element is assigned a Local_-Goodness value,
which measures its suitability of being a candidate point on the generalized me-
dian contour we are looking for. According to the distance given in Eqn. (@) the
Local_Goodness value is simply:

n
Local Goodness(i,j) = Z(mh fj)k, 1<i<M,1<j<N
=1

where z;; represents the z-coordinate of the [-th contour Cj in i-th row. Generally,
small Local_Goodness values indicate better candidates. As a matter of fact, the
optimality of a candidate for C is measured by the sum of its Local_Goodness
values over all image rows.

Dynamic programming is applied to search for an optimal path in a cumulative
cost matrix CC. The cumulative cost of a node (i, j) is computed as:

CC(i,j) = lz@}% 1{C’C(i — 1,5+ D} + Local _Goodness(i, j) (3)
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for 2 <4< M, 1< j < N. This means that a contour point (¢, j) has three
potential predecessors (i—1,5—1), (i—1,7), (i—1,j+1) in the previous row. In
addition, the choice of a transition from a point in i-th row to a predecessor in the
(i — 1)-th row is made based on the lowest cumulative cost of the predecessors.
The computation of CC starts by initializing the first row by:

CC(1,j) = Local_-Goodness(1,j), 1<j<N

Then, the cumulative cost matrix CC is filled row by row from left to right by
using Eqn. (@).

The node in the last row of matrix C'C with the lowest value gives us the
last point of the optimum path. To determine this path, a matrix of pointers
is created at the time of computing the matrix CC. The optimum path, which
corresponds to the generalized median contour, is determined by starting at the
last point and following the pointers back to the first row. Using this dynamic
programming technique, we are able to compute the generalized median contour
exactly.

The computational complexity of the algorithm amounts to O(M Nn) while
O(MN) space is required. Note that the search space of dynamic programming
can be substantially reduced. For each row we only need to consider the range
bounded by the leftmost and rightmost point from all input contours in that
row. The size of this reduced search space depends on the variation of input
data. The less variation of the input data, the more the reduction effect. Most
likely, this reduction results in a computational complexity of O(Mn) only. The
proposed algorithm was implemented in Matlab on a Pentium IV 2.1 GHz PC.
As an example, the computation time for 250 input contours of 105 points each
with 0.00 standard deviation in the input data is 10 milliseconds. At an increased
level of data variation of 81.74 standard deviation, 90 milliseconds were recorded.
We can conclude that the dynamic programming approach delivers an efficient
way of exactly computing the generalized median of contours.

4 Experimental Results

We have conducted a series of experiments using both synthetic and real data. In
the following we report some results to illustrate two applications of the concept
of generalized median contours.

4.1 Test Images and Contour Data

Both studies are based on CCA B-mode sonographic images [2]. An image
dataset was established which consists of 23 such images of 105 columns each.
They are actually ROI cut out of larger images. Each image contains two con-
tours of interest: intima (y1) and adventitia (y2). Both contours run from left to
right of an image. If we turn the images by 90 degrees, then we are faced with
the problem of optimally masking the two contours of length 105 each from top
to bottom.
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Table 1. Performance measures of parameter training and generalized median (GM)
approaches on 5 test sets

y1 (intima) y2 (adventitia)
Test set Parameter training GM Parameter training GM
1 48.98 49.77 60.59 50.18
2 48.68 49.37 53.56 52.82
3 51.09 51.16 51.79 51.26
4 49.90 50.66 46.83 47.08
5 46.53 46.53 50.03 48.07
average 49.04 49.50 52.56 49.88

Each image has its ground truth contours manually specified by an experi-
enced physician. This information is used for an objective, quantitative com-
parison with automatic detection results. The similarity measure is simply the
distance function in Eqn. (). In all our tests we have fixed k of the distance
function to k = 1.

4.2 Exploring Parameter Space Without Ground Truth

Segmentation algorithms mostly have some parameters and their optimal setting
is not a trivial task. In recent years automatic parameter training has become
popular. Typically, a training image set with (manual) ground truth segmen-
tation is assumed to be available. Then, a subspace of the parameter space is
explored to find out the best parameter setting. For each parameter setting can-
didate a performance measure is computed in the following way:

— Segment each image of the training set based on the parameter setting;

— Compute a performance measure by comparing the segmentation result and
the corresponding ground truth;

— Compute the average performance measure over all images of the training
set.

The optimal parameter setting is given by the one with the largest average
performance measure. Since fully exploring the subspace can be very costly,
space subsampling [I0] or genetic search [3] has been proposed.

While this approach is reasonable and has been successfully practiced in sev-
eral applications, its fundamental disadvantage is the assumption of ground truth
segmentation. The manual generation of ground truth is always painful and thus
a main barrier of wide use in many situations.

We propose to apply the concept of generalized median for implicitly explor-
ing the parameter space without the need of ground truth segmentation. It is
assumed that we know a reasonable subspace of the parameter space (i.e. a lower
and upper bound for each parameter), which is sampled into a finite number M
of parameter settings. Then, we run the segmentation procedure for all the M
parameter settings and compute the generalized median of the M segmenta-
tion results. The rationale behind our approach is that the median segmentation
tends to be a good one within the explored parameter subspace.
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This idea has been verified on the database described above within the con-
tour detection algorithm [2]. It has two parameters and a reasonable parameter
subspace is divided into 250 samples. The database is partitioned into a training
set of 10 images and a test set of 13 images. The training set is then used to find
the optimal parameter setting among the 250 candidates, which is applied to the
test set. The average performance measure over the 13 test images is listed in Ta-
ble[Il Note that the testing procedure is repeated 5 times for different partitions
of the 23 images into training and test set. On the other hand, the generalized
median approach has no knowledge of the ground truth segmentation. It sim-
ply detects 250 contours and computes their generalized median. The average
performance measure of the 13 generalized median contours in the test set as
shown in Table [Il indicates that basically no real performance differences exist
between these two approaches. Without using any ground truth information, the
generalized median technique is able to produce contours of essentially identical
quality as the training approach.

5 Verification of Optimal Lower Bound for Generalized
Median Problems in Metric Space

The computation of generalized median patterns is typically an NP-complete
task. Therefore, research efforts are focused on approximate approaches. One
essential aspect in this context is the assessment of the quality of the computed
approximate solutions. Since the true optimum is unknown, the quality assess-
ment is not trivial in general. A recent work [6] presented the lower bound for
this purpose.

Referring to the notation in Eqn. (), an approximate computation method
gives us a solution C such that

SOD(C) = zn:d(C‘,C,-) > id(aci) = SOD(0)

i=1 i=1

where SOD stands for sum of distances and C represents the (unknown) true gen-
eralized median. The quality of C' can be measured by the difference SOD(C’ ) —
SOD(C). Since C and thus SOD(C) are unknown in general, we resort to a lower
bound I" < SOD(C) and measure the quality of C' by SOD(C) — I'. Note that
the relationship

0 < I < SOD) < SOD(C)

holds. Obviously, I' = 0 is a trivial, and also useless, lower bound. We require

I" to be as close to SOD(C) as possible. This tightness can be quantified by
SOD(C) — I with a value zero for the ideal case.

In [6] the tightness of the lower bound has been tested in the domain of
strings and graphs. Since the computation of generalized strings and graphs is
exponential, only approximate solutions have been considered there.

Ideally, the tightness should be investigated in domains where we know the

true generalized median. The current work provides us a means of validating
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Fig. 4. Tightness of lower bound I" for 50 y1 contours (intima, left) and 50 y2 contours

(adventitia, right) contours for all 23 images

the tightness under ideal conditions. For this purpose we sampled 50 parame-
ter settings of the parameter subspac. For each image, we thus compute 50
contours and afterwards their exact generalized median C' by the dynamic pro-
gramming technique proposed in this paper. In Figure @ both the lower bound
I' and SOD(C) for all 23 images are plotted. Obviously, these two values are
so similar that no difference is visible. This is clearly a sign of good tightness
of the lower bound I'. Although this statement is made for the particular case
of contours, it builds a piece of the mosaic of validating the tightness in many
problem spaces.

6 Conclusions

In this paper we have considered a special class of contours which start from
the top, pass each image row exactly once, and end in the last row of an image.
Despite of the simplicity they frequently occur in many applications of image
analysis. We have proposed a dynamic programming approach to exactly com-
pute the generalized median contour in this domain.

Experimental results have been reported on two scenarios, in which the con-
cept of generalized median plays a very different role. In the first case we have
postulated a general approach to implicitly explore the parameter space of a
(segmentation) algorithm. It was shown that using the generalized median con-
tour, we are able to achieve contour detection results comparable to those from
explicitly training the parameters using a training set with known ground truth.
This performance is remarkable and should be further investigated in other con-
texts.

Having a generalized median problem with exact solution is interesting in its
own right for the specific problem domain. From a more general point of view,

! The reason for selecting only 50 instead of 250 as in other experiments lies in the high
computation time and space requirement of the lower bound computation which is
based on linear programming.
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the exact solution gives us a means to verify the tightness of the lower bound for
generalized median computation under ideal conditions. We have performed the
verification which shows the high tightness. As part of our efforts in verifying
the tightness of the lower bound using a variety of generalized median problems
with exact solution, the current work represents a valuable contribution.
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Abstract. OCR technology of Latin scripts is well advanced in comparison to
other scripts. However, the available results from Latin are not always sufficient
to directly adopt them for other scripts such as the Ethiopic script. In this paper,
we propose a novel approach that uses structural and syntactic techniques for
recognition of Ethiopic characters. We reveal that primitive structures and their
spatial relationships form a unique set of patterns for each character. The
relationships of primitives are represented by a special tree structure, which is
also used to generate a pattern. A knowledge base of the alphabet that stores
possibly occurring patterns for each character is built. Recognition is then
achieved by matching the generated pattern against each pattern in the
knowledge base. Structural features are extracted using direction field tensor.
Experimental results are reported, and the recognition system is insensitive to
variations on font types, sizes and styles.

1 Introduction

Ethiopia is among the few countries in the world which have a unique alphabet of its
several languages. The Ethiopic alphabet has been in use since the 5" century B.C.[5]
and the present form of the alphabet is obtained after passing through many
improvements. At present, the alphabet is widely used by Amharic which is the
official language of Ethiopia, and a total of over 80 million people inside as well as
outside Ethiopia are using this alphabet for writing.

Research on Ethiopic OCR is a recent phenomenon and there are only few papers
presented in conferences [3],[6]. Moreover, it has been difficult to develop a good
recognition system for Ethiopic characters due to the complex composition of their
basic graphical units. In this paper, we present a novel approach to recognize Ethiopic
characters by employing structural and syntactic techniques in which each character is
represented by a pattern of less complex structural features called primitives [2] and
their spatial relationships. Each character forms a unique set of patterns which are
generated from the relationships of primitives. The structural features and their
relationships are extracted by using direction field tensor. The characters expressed in
terms of primitives and their relationships remain similar under variations on the size,
type and style of characters. Accordingly, the present results are novel contributions
towards the development of a general Ethiopic OCR system that works independent
of the appearance and characteristics of the text.
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2 Ethiopic Alphabet

The most common Ethiopic alphabet used by Amharic language has 34 basic
characters and other six orders derived from the basic forms making a total of 238
characters. The alphabet is conveniently written in tabular format of seven columns as
shown in Table 1, where the first column represents the base character and the other
columns represent modifications of the base character.

Table 1. Part of the Ethiopic Alphabet

1st(d@)  2ndu)  3¢d)  4th@)  Sthie)  6Mm(a)  Tth(o)
order order order order order order order
UVhi U-hu % hi %ha % he Yho Uho
Ald Alu aAali Aala ale Al alo
Ahhi dhu hhi hha duhe hho Hhho

2.1 Structural Analysis

Ethiopic characters are considered to have the most attractive appearance when
written with thick appendages, vertical and diagonal strokes, and thin horizontal lines.
Most of the horizontal strokes in Ethiopic characters are only a few pixels wide and
sometimes they do not exist, especially in degraded documents. Thus, prominent
structural features in the alphabet are appendages, vertical and diagonal lines. These
prominent features form a set of primitive structures. In this research, we reveal 7
primitive structures which are interconnected in different ways to form a character.
Primitives differ from one another in their structure type, relative length, orientation,
and spatial position. The classes of primitives are given below.

¢ Long Vertical Line (LVL). A vertical line that runs from the top to bottom level of
the character. The primitive is found in characters like U, (, and H.

e Medium Vertical Line (MVL). A vertical line that touches either the top or the
bottom level (but not both) of a character. A, 0, and & are some of the characters
that have these primitives.

e Short Vertical Line (SVL). A vertical line that touches neither the top nor the
bottom level of the character. It exists in characters like h, €, and 0.

e Long Forward Slash (LFS). A forward slash primitive that runs from the top to
the bottom level of a character. It is found in few characters like %4, #~, and 7".

e Medium Forward Slash (MFS). A forward slash primitive that touches either the
top or the bottom level (but not both) of a character. This primitive is also found in
few characters like A, 4, and 7.

e Backslash. A line that deviates from the vertical line position to the right when
followed from top to bottom. The characters A, N, and 'l have such primitives.

e Appendages. Structures which have almost the same width and height. These
primitives are found in many characters. Examples are %, 7F, and °E.
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2.2 Spatial Relationships of Primitives

The unique structure of characters is determined by primitives and their inter-
connection. The interconnection between primitives describes their spatial relation-
ship. A primitive structure can be connected to another at one or more of the
following regions of the structure: top (t), middle (m), and bottom (b). The spatial
relationship between two primitives o and § connected only once is represented by the
pattern azf}, where z is an ordered pair (x,y) of the connection regions ¢, m, or b.
In this pattern, a is connected to 3 at region x of a, and P is connected to « at region y
of B. Moreover, the primitive a is also said to be spatially located to the left of B.
Thus, the spatial relationship is described by spatial position (left and right) and
connection region (t, m, and b).

There may also be two or three connections between two primitives. The first
connection detected as one goes from top to bottom is considered as the principal
connection. Other additional connections, if there exist, are considered as
supplementary connections. The principal connection between two primitives is an
ordered pair formed by the possible combinations of the three connection regions.
This will lead to nine principal connection types as represented by the set:
{(t,t),(t,m),(t,b),(m,t),(m,m),(m,b),(b,t),(b,m),(b,b)}.

The principal connection (t,t), i.e., two primitives both connected at the top, has five
types of supplementary connections: {(m,b),(b,m),(b,b),(m,m)+(b,m),(m,m)+(b,b)}.
The principal connection (t,m) has only one supplementary connection: {(b,m)}.
The principal connection (m,t) has three types of supplementary connections:
{(m,b),(b,m),(b,b)}. The rest principal connections do not have any supplementary
connection. This makes up the possibility of two primitives to be connected in 18
different ways: 9 principal connections alone and 9 principal with supplementary
connections. This is shown in Table 2 with example characters in brackets.

Table 2. Connection types between two primitive structures

Principal Supplementary Connections

Connection None (m,b) (b,m) (b,b) (mm)+(b,m)  (m,m)+(b,b)
(1) nm PpJw 9@ oo s [G)) H(b)
(tm) d (rh) d(P)

(t.b) (N

(m.1) h(h) B B@E) b0
(m,m) H{H)

(m.b) Hw)

(b.t) L)

(b,m) HM)
(b.b) (1)}
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2.3 Representation

Primitives are connected to the left and right of another primitive at one of its three
connection regions. To the right of a primitive, two different primitives can also be
connected at the middle as in the case of -k. Therefore, a maximum of three primitives
can be connected to the left of another primitive and up to four primitives can be
connected to the right. To represent this relationship, a special tree structure having
three left nodes and four right nodes is proposed as shown in Fig. 1. Each node in the
tree stores data about the type of the primitive itself, the type of connections with its
parent primitive, and the spatial positions of primitives connected to it.

\Top Middle Bottom) \Bottom Middlel Middle2 Top)
Y .Y
Left nodes Right nodes

Fig. 1. General tree structure of characters

A primitive is appended to its parent primitive at one of the seven child nodes in
the tree based on the principal connection that exists between them. For
implementation, primitives are represented by a two digit numerical code as shown in
Table 3. The first digit represents their relative length, spatial position and/or
structure, and the second digit represents their orientation.

Table 3. Numerical codes assigned to primitive structures

Primitive Types Numerical Codes
LVL 98
MVL 88
SVL 78
LES 99
MEFS 89
Backslash 87
Appendages 68

Each connection between two primitives is also assigned a two digit number which
represents the left and right spatial positions. The three connection regions, i.e., top,
middle, and bottom are represented by the numbers 1, 2, and 3 respectively. For
example, using this approach, the connection (m,b) is represented by 23. Connection
types with two or more connections between primitives are assigned a numerical code
formed by the concatenation of the numerical codes of the respective connections. For
example, the numerical code of the connection type (#,7)+(m,m)+(b,m) is 112232. When
there is a primitive without being connected to any other primitive in the character, a
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connection type of none (with code number 44) is used. In this case, the primitive is
appended to one of other primitives based on the closeness in their spatial position.
The connection type of the root primitive, which has no any parent, is also none.

2.4 Building Primitive Tree and Pattern Generation

The first step in building a primitive tree is identifying the root primitive. Variation in
setting root primitive results in a different tree structure which will adversely affect
the pattern generated for a character. To build a consistent primitive tree structure for
each character, a primitive which is spatially located at the left top position of the
character is used as the root primitive. The following recursive algorithm is developed
to build primitive tree of characters. The function is initially invoked by passing the
root primitive as a parameter.

BuildPrimitiveTree (Primitive)

{
BuildPrimitiveTree (LeftTopPrimitive)
BuildPrimitiveTree (LeftMidPrimitive)
BuildPrimitiveTree (LeftBotPrimitive)
BuildPrimitiveTree (RightBotPrimitive)
BuildPrimitiveTree (RightMidlPrimitive)
BuildPrimitiveTree (RightMid2Primitive)
BuildPrimitiveTree (RightTopPrimitive)

}

Examples of primitive trees built by the above algorithm are shown in Fig. 2. After
building the primitive tree, a string pattern is generated by using in-order traversal of
the tree (left{top, mid, bottom}, parent, right{bottom, middlel, middle2, top}). By
starting on the root primitive, in-order traversal of the tree generates a unique set of
patterns for each character. The algorithm is implemented using a recursive function
in a similar way as building the primitive tree.

Fig. 2. Examples showing primitive trees for (a) H., (b) QP, (c) 66
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2.5 Alphabet Knowledge Base

The geometric structures of primitives and their spatial relationships remain the same
under variations on fonts and their sizes. In Fig. 3a, all the different font types and
sizes of the character (1 are described as two Long Vertical Lines both connected at
the top. This is represented by the pattern {44,98,11,98}. As there is no structural
difference between a Long Vertical Line and its bold version, Fig. 3b is also
represented by the same pattern as in the case of Fig. 3a. In Fig. 3¢, the character is
described as two Long Forward Slashes both connected at the top and it is represented
by the pattern {44,99,11,99}. Therefore, any form of the character (1 is represented as
a set of patterns {{44,98,11,98},{44,99,11,99}}. Accordingly, the knowledge base of
the alphabet consists of a set of possibly occurring patterns of primitives and their
relationships for each character. This makes the proposed recognition technique
tolerant of variations in the parameters of fonts.

anoannoanjanononnanlannandan
annanaamannanama/7ndmnnall
(@) (b) (c)

Fig. 3. (a) The Ethiopic character (1 with different font types and sizes of 12 and 18, (b) bold
style of @, (c) italic style of @

3 Extraction of Structural Features Using Direction Field Tensor

A local neighborhood in an image where the gray value changes only in one direction,
and remains constant in the orthogonal direction, is said to have Linear Symmetry
(LS) property [1]. The LS property of an image can be estimated by analyzing the
direction field tensor. The direction tensor, also called the structure tensor [4],[7], is a
3D field tensor representing the local direction of pixels. For a local neighborhood
fix,y) of an image f, the direction tensor S is computed as a 2x2 symmetric matrix
using Gaussian derivative operators Dx and Dy.

S:[ /(D f7*dxdy H(Dxf)(D)f)dxdy]

[[(D (D, pdxdy (D, f)*dxdy M

Linear symmetry exists at edges where there are gray level changes and it can be
estimated by eigenvalue analysis of the direction tensor using complex moments of
order two which are defined as follows.

In= ”((Dx +iD,) f)? dxdy 2)
In= [[|D, +iD,) ] dxdy 3)

The complex partial derivative operator D, +iD, is defined as:
D, +iD, = 9.2 4)

ox dy
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The value of I is a complex number where the argument is the local direction of
pixels in double angle representation and the magnitude is a measure of the local LS
strength. The scalar 111 measures the amount of gray value changes in a local
neighborhood of pixels. Direction field tensor, which is a 3D tensor field, can also be
conveniently represented by the 2D complex Iz and 1D scalar Iii. The complex image
I20 can be displayed in color as shown in Fig. 4 where the hue represents direction of
pixels in double angle representation.

Due to the Gaussian filtering used in the computation of direction tensor, the LS
strength (magnitude) at the orthogonal cross-section of edges in the image forms a
Gaussian of the same window size. Therefore, the cross-section of lines in the I20
image can be reduced to a skeletal form (one pixel size) by taking the point closest to
the mean of the Gaussian formed by the LS strength in the orthogonal direction. The
skeletal form of I20 image is then used for extraction of structural features.

1 (G

@ ) ©

Fig. 4. (a) Scanned document, (b) Iz0 of @ where hue represents direction, (c) skeletal form of b
without direction information

Before extracting structural features, characters are segmented into individual
components. In the skeletal form of the I2o image, horizontal spaces that lack LS
(LS strength <0.05 after normalization) are used to segment text lines, and vertical
spaces that lack LS are used to segment characters in the text lines. Rectangular boxes
in Fig. 5 show segmented characters of Ethiopic text. Since the direction of pixels is
represented by double angle, the angle 6 obtained from the argument of Iz is in the
range of 0 to 180 degree. The direction of pixels at the edges of primitives is close to
0 and 180 degrees and can be converted to the range of O to 90 degrees by

€=abs(90-0) so that € for primitives is consistently close to 90 degree. In this study,
pixels with €>=30° and having strong LS property (LS strength >=0.05) are

considered as parts of primitives, and those with €<30° and having strong LS property
are considered as parts of connectors. A primitive in the grayscale image will have

g 0d

(@ (b) (©

Fig. 5. (a) Character segmentation mapped to the original image, (b) skeletal form of the I20
image where the red and purple colors show the left and right edges of primitives respectively,
and the green color shows connectors, (c) extracted primitives shaded with blue color
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two lines (left and right edges) in the skeletal form of the I2o image. Primitive
structures are then constructed by the two matching lines. The group information
about direction and spatial position of pixels in a primitive are finally used to classify
the primitives.

4 The Recognition Process

A general recognition system of Ethiopic characters is proposed as shown in Fig. 6.
Characters are segmented by making use of direction field tensor. Structural features
are then extracted and a pattern of their spatial relationships is generated for each
segmented character. A character is said to be recognized if the string pattern
generated from primitive tree has a matching pattern in the knowledge base. Pattern
matching is done by comparing the string pattern generated from the image against
with each string pattern stored in the knowledge base. The similarity of each
comparison is computed and the most similar pattern is considered to decide whether
the string pattern is recognized or not. This is done by setting a threshold of similarity.

Scan Document

v

Computation of
Direction Field Tensor

Character Segmentation

v

Extraction of
Structural Features

Building Primitive Tree

Knowledge

‘ Pattern Generation | Base

_>| Pattern Matching
v

Generate Text

Fig. 6. Flowchart of the recognition process

S Experiment

The size of the Gaussian window used for filtering operations is determined by the
size of fonts in the document. For example, a Gaussian window of pixel-size 3x3 was
efficient for texts with font size of 12, and a window size of 5x5 was found to be
better for font sizes of 18.

There is no standard image database of Ethiopic text developed for testing
character recognition systems. Thus, the experiment was done on images of about
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thirty pages scanned from newspapers, books and clean printouts that contain
characters of different fonts and sizes varying from 12 to 18. Images taken from clean
printouts show better recognition due to their relatively better quality. A recognition
rate of 92% was achieved for clean printouts and the recognition accuracy for
newspaper and books was 86%. However, there was no difference in recognition
accuracy due to variation in fonts, and larger font sizes tend to be recognized slightly
better than their smaller versions.

The structural and syntactic method used for recognition of Ethiopic characters is
efficient to uniquely identify the characters. Recognition errors mainly come from poor
quality of documents. Character segmentation errors also affect the overall character
recognition accuracy. The other process that hampers the recognition process is extra-
ction of connectors. This is due to the fact that horizontal lines in Ethiopic characters are
very thin and sometimes absent especially in degraded and low quality documents. The
algorithm used to extract primitives works well even in noisy documents.

6 Conclusion and Future Work

In this paper, a novel approach is proposed for Ethiopic character recognition.
Structural and syntactic techniques are effectively used to uniquely represent the
complex structure of characters by the relationships of less complex primitive
structures. To this end, direction field tensor is used as a tool for extraction of
structural features. The use of Gaussian separable filters to compute direction field
tensor made the computation time minimal. The recognition accuracy can still be
improved to a higher level by working more on character segmentation, extraction of
structural features and pattern matching algorithms. Extraction of structural features
can be further improved by applying statistical techniques. The process of pattern
matching and classification is expected to perform better by using neural networks. In
general, the recognition system is insensitive to variations on the size, type and other
parameters of characters and therefore, the overall research activity will lead to the
development of efficient OCR software for Ethiopic script.
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Abstract. This paper presents a context driven segmentation and recog-
nition method for handwritten Chinese characters. We follow a split-
merge technique in character segmentation. In this process, a Chinese
text line is first pre-segmented into a sequence of radicals, which are
then merged according to a cost function combining both recognition
confidence and contextual cost. Two strategies are also proposed for im-
plementation: bi-gram based merging and lexicon driven merging. In the
former one, we generate a set of merging paths which are then evaluated
by Viterbi algorithm. The radicals’ best merging method is given by the
path with the highest score. In the latter strategy, a lexicon is preset
and compared with the radicals to determine both radicals’ merging and
candidate character selection. Experiments show that contextual infor-
mation plays a crucial role in Chinese character segmentation and could
obviously improve the segmentation and recognition results.

1 Introduction

Single character recognition has achieved impressive progress both in accuracy
and speed in the past 40 years. However, it could not remarkably benefit a doc-
ument reading system directly because some practical difficulties. For example,
it is hard to extract text lines from a complex layout document containing both
graphs and characters in different fonts and size. Though a text line is perfectly
extracted, character segmentation is another ineluctable and decisive step since
a general classifier could only recognized a single-character image at a time.
Recently, there many papers considering character segmentation of digits,
western and eastern languages. According to Casey ([I]), these methods are
categorized into three basic strategies: structural analysis, recognition based and
holistic tactic. In this paper, we suggest these methods are concluded into two
levels according to the information sources they are rested on (Figlll). Low level
methods make use of information directly from image and high level methods
utilize contextual and grammatical constraints originated from prior knowledge.
Character segmentation is still an obstacle in Chinese OCR especially for off-
hand case, it should deal with diverse writing styles, a large character set and
complex character structures. Moreover, characters are written with touching
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and overlapping in scripts. According to the recent work, low-level methods are
effective to remove touching and overlapping by accurately locating the segmen-
tation points for touching and overlapping strokes. But it may come with another
problem that a character is wrongly separated into different parts.

In conventional methods, character segmentation contains two steps. The first
step is pre-segmentation, which decomposes a text line into a series of radicals.
Secondly, these radicals are reunited into characters. Previously, only low level
information is considered in the second step, which is shown to be unreliable in
practice. A Chinese character may be composed of some parts, each of them is
indeed a character itself. Low level methods perform inadequately and always
segment a character into more than one parts. Recent papers are considering to
involve contextual relationship in this process. In western languages, these con-
text methods are always based on a word dictionary ([5]). However, the methods
for oriental languages are quite different from that for western languages. Liu
([3]) proposes a lexicon driven way for Japanese address reading. Takahiro([7])
introduces bi-gram in his likelihood function for on-line Japanese handwriting
recognition. But related work has seldom been done for Chinese up to now.

In this paper, we introduce contextual restrictions by incorporating bi-gram
and lexicon-dictionary in character segmentation. According to the experiments,
we can see that both segmentation rate and recognition rate could get improved.

Low level information High level information

Spatial Recognition Contextual Syntactic
information mformation information mformation
Image X Grammar

Classifier Lexicon
analysis knowledge
-

Fig. 1. Character segmentation strategies

2 Pre-segmentation

A Chinese character could be regarded as a composition of some primitive com-
ponents. In pre-segmentation, we cite Xue’s work([0]) to extract these compo-
nents (Fig[2(a)). He extracts connected components from a text line, which are
then merged into strokes (Figl2l(c)). These strokes are assembled to form radi-
cals. Each radical should be warranted as just one part of a character (Figl2(d)).
A segmentation graph is accordingly established (Figl2l(e)), which is directed
and acyclic. An arc corresponds to a certain radical combination and a path
from the first node to the last represents a merging way for radicals. We as-
sign each arc a cost to evaluate the likeness for a merged image of being a real
character([d]).
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